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Abstract. Data Envelopment Analysis (DEA) is awell-known methodology for
the measurement of the relative efficiency of comparable processing units.
Generally, DEA models are based on linear programming . Although there is a
family of DEA models known as Free Disposal Hull (FDH) which uses binary
variable, in the conventional approach those models are decomposable and
easily solved. However, when a centralized approach is used, as in this paper,
the problem develops a combinatoria structure which makes appropriate the
use of metaheuristic approaches such as genetic algorithms and tabu search. For
benchmarking, although its computational inefficiency precludes its use in
large scale problems, an optimal branch and bound approach will aso be pre-
sented. The results show that the metaheuristics (especialy, the genetic algo-
rithm) can get very good results with very low computing requirements.

1 Introduction

Data Envelopment Analysis, known by its initials DEA, is a mathematical tool ba-
sed on linear programming (LP) to assess the relative efficiency of different proces-
sing units using as input data just the amounts of each resource that are consumed by
each unit (inputs), and the amount of each of the products that it generates (outputs).
Because of this, units must be processes or organizations that produce in a similar way
(units must use the same resources and output the same products). The processing
units being assessed are usually called Decision Making Units (DMU) in recognition
of the assumption that each unit has freedom to decide its level of inputs and outputs.
DEA measures the units’ efficiency through the comparison of a unit with any linear
combinations of the existing units.

Two main features must be defined in this kind of problems: technology and orien-
tation. Determining the technology consists in defining the feasible region where the
units can operate. There are three most common alternatives: Constant Return to Scale
(CRS), Variable Return to Scale (VRS) and Free Disposal Hull (FDH) technologies.
CRS technology considers as feasible any linear combination of the observed DMUs
while in VRS technology only convex linear combinations are feasible. On the other
hand, FDH technology considers as feasible the following set:
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where X and Y are the matrices of inputs and outputs of the given units.



Defining the problem orientation consists in determining what search direction will
be used to project processing units on efficiency ones. There are two orientations:
input and output orientation. The first one consists in reducing as much as possible all
inputs equi-proportionally without reducing outputs. Therefore, units will be projected
on another efficient DMU whose resources consumption is lower. On the other hand,
in the output orientation, an equi-proportional increase of products is realized in the
search of an efficient unit with bigger level of outputs and with not greater resource
consumption. Once technology and orientation have been chosen, the resulting DEA
model can be formulated. Thus, for CRS technology the models are known as CCR-I
(for input orientation) and CCR-O (for output orientation) while for VRS technology
there are two types of models BCC-I/BCC-O and the additive model. All these models
can be found in any book on DEA, for example Cooper et al (2000).

In this paper we are concerned with the FDH technology. The traditional approach
leads to FDH-I and FDH-O models which are decomposable and can be efficiently
solved through an specialized algorithm. However, the model proposed in this paper
differs from the conventional FDH models in the fact that the DMUs are not projected
on the efficient frontier in an independent way, but in an aggregated way. Therefore
the aim will not be the individual improvement of every DMU but the improve of the
whole set. A centralized resource allocation approach involves taking into account
total input consumption and total output production. This view makes sense whenever
the different units belong to the same organization (for example, branches of a bank)
which supplies the inputs to them all and consequently appropriates of their outputs.
Such an organization has a global objective even when measuring individual perform-
ance.

In the next section a brief review of the literature on centralized resource allocation
is presented. In section 3 the proposed FDH model is introduced. In section 4 the
different solution methods are presented. In section 5 the computational experiences
carried out are described and their results analyzed. Finally, in the last section, a
summary and the conclusions are presented.

2 Rdevant resource allocation literature

There have been some previous approaches in the literature that handle the DMUs in
ajoint manner. Golany et a (1993) presented a resource alocation model (with input
orientation ) based on the DEA methodology. In a later paper, Golany and Tamir
(1995) proposed a DEA model for resource reallocation (with output orientation)
which includes constraints that impose upper bounds on the total consumption of the
units. Athanassopoulos (1995) presents a goal programming DEA model (GoDEA)
for centralized resource planning. Athanassopoulos (1999) proposes a new model,
this time not based on the envelopment form but on the multiplier form. Likewise,
Fére et al (1997) and Beadey (2001) present models where the DMUs are treated in a
joint form.



3 Proposed FDH resour ce allocation modelsusing DEA

In this section a model for resource allocation with FDH technology is presented:
centralized FDH-I model. It isaradial model.

3.1 Centralized FDH input orientation model

There are two essential differences which distinguish this model from the conven-

tional DEA:

- Instead of solving a linear programming model for every existing DMU in the
problem, all the units are projected simultaneously.

- Instead of reducing the inputs of every DMU, it is the total input consumption of
DMUs what is tried to reduce. Besides what is important is maintaining the same
level of the total amount of outputs but it is not forbidden that a certain DMU re-
ducesits outputs.

Let:
j,r=1,2,....n indexes for DMUs
i=1, 2,....m index for inputs
k=1, 2,....p index for outputs
X; amount of input i consumed by DMU j
Yy amount of output k produced by DMU |
6 radial reduction of total input
Mgy Ay Ay) vector for projecting DMU r
The modedl is:
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Thisisalinear programming problem that contains n*+1 variables and m+(p+1)xn
congtraints. Once the model is resulted, the corresponding vector (A,, A,...., A,) de-
fines for each DMU r the operating point at which it should aim. Inputs and outputs
of each such point can be computed as
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4 Resolution of the centralized FDH problem

In this section we will consider the different solution methods that can be used for the
proposed model.

4.1 Solving thetraditional FDH model.

Thefirst approach is to solve the traditional FDH model:

Aswe mentioned in the introduction, this problem can be solved using asimple al-
gorithm. Let
Minimise 0,
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Thisisthe set of existing DMUs that dominate the DMU r. The optimal solution to
the traditional FDH model can be obtained as
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For that solution, the radial reduction of total input can be computed as
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In this way, the saving in total input consumption achieved by solving the tradi-
tional FDH model is obtained.

4.2 Solving centralized FDH model

The centralized FDH-I model performs a projection of each processing unit with an
existing DMU belonging to the efficient frontier, in order to find the largest feasible
reduction of the total of inputs. Therefore, if one wants to find the solution that real-
izes the maximum reduction of resource consumption, all the possible projections of
the DMUs onto every efficient unit must be considered. This is a combinatorial
problem whose difficulty will depend on the number of existing units and on the
number of them that are efficient. If there are ‘n’ units in the problem of which '€
they are efficient (e<n), the number of possible combinations will be €.

Even for problems with a number of DMUSs not very large, the number of combi-
nations can be very high, which makes necessary to use some metaheuristic for ex-
ploring the solution space. In this paper two of the most successful metaheuristics
have been tried: genetic and tabu search algorithms. Also, in order to benchmark this
approximate methods, the optimal solution has also been computed through a branch
and bound algorithm that is also described below.

Tabu search heuristic. The agorithm starts its exploration with the solution
provided by the traditional FDH model. Let E be the set of efficient units set in the
problem. This set corresponds to the nondominated units, i.e. those units r whose set
D(r)={r}. A solution corresponds to projecting each nonefficient unit onto an efficient
one. A move will consist in the projection of a DMU r over another efficient unit
€ eE, different from the current one.

Therefore, the size of neighborhood is O[n*(|E[-1)]. However, since total output
levels must be maintained, not all the neighbors of a certain solution are feasible.
Before evaluating a move it is necessary to checked its feasibility. Once verified its
feasibility, the increase in the objective function due to amove is
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As adaptive memory mechanism two tabu lists are proposed. In one of them the
unit whose projection has been changed is recorded so that for a number of periods T
that unit is prohibited from changing its projection again. The second tabu list records
the efficient unit onto which the unit is now projected. For a number of periods T',
none of the units projected onto such efficient unit can change its projection. The tabu
restriction applied consists in that a move is tabu when it is contained in any of both
lists.

Additionally, a diversification strategy has been used consisting in that after a cer-
tain number of iterations (parameter REP) in which the objective function has not
been improved, the search is reinitialized to a solution where each DMU is projected
onto the efficient unit onto which it has been projected more fewer times so far. The
tabu search algorithm method ends when, for a certain number of iterations ITER, the
best solution found does not improve.

Genetic algorithm heuristic. The codification used consists in a vector with so many
components as units in the problem. The value of component r is the efficient unit on
which it is projected, &(r).

The size of the population is POP and the number of generations GEN. The initial
population consists of POP-1 admissible solutions which generated in a random way
and the solution of the traditional FDH model, which is a feasible solution of the
centralized model.

A steady state (ak.a. as incremental) genetic algorithm has been implemented so
that in each iteration a new individual is generated (either through crossover or muta-
tion) and an old individual is deleted from the population. The uniform crossover
operator is suggested. Crossover is performed with probability 1-MUT and parents
are chosen randomly. For mutation, an individua is selected randomly and the value
of one of its componentsr is modified from e(r) to € (r)=e(r). The mutation operator
isapplied with probability MUT.

In every generation, the population is kept ordered according to the fitness value of
the individuals. Such fitness includes a specific term for penalizing the unfeasibility
that occurs whenever the total sum of a certain output is lower than the initial one. An
infeasible solution can be generated due to a mutation or crossover. The fitness used
in this paper is
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Clearly, the fitness value for feasible solutionsis the radial reduction of the sum of
inputs 6.

The selection of the individual to be deleted from the population is done in a ran-
dom but biased way according to a geometric probability distribution
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where X is the ranking of the individual in the population (x=1 is the best individ-
ual and x=POP is the worst), f(x) is the probability that an individual x is selected and
p, is a constant that is determined by the following condition

POP

D f(x)=1 (13)

Note the elitism in equation (10), i.e. the best individual (x=1) is never selected for
deletion.

Branch and bound. An optima B&B solution method has also been implemented.
The solution tree has as many levels as inefficient DMUs exist in the problem and for
node r there exist so many branches as efficient units on which they can be projected,
i.e. |E|. Thus each node can be codified by the DMU index r and the index e(r) of the
unit onto which it is projected. As initial upper bound, and in order to accelerate the
fathoming of nodes, the solution provided by tabu search has been used. A depth-first
strategy is proposed. A lower bound associated with a node can be computed as

ZXE(T,) + Zmin X

ecE
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If this lower bound is larger than the upper bound then the node can be pruned. It
is also necessary to verify the feasibility of every node with regards to the total out-
puts.

5. Computational experience.

In order to benchmark the two heuristic approaches that have been proposed, a total
of 50 random problems have been generated. All of them have two inputs and one
output. The number of DMUs have been kept low (10 DMUSs). Although these can be
considered small problems (and the heuristic approaches can solve much larger
problems) we have had to use these size in order to be able to solve them optimally
with the branch and bound method which is notorioudly inefficient. Both the test data
and the computer program that generates them are available from the authors upon
request.
The parameter values for Tabu search and genetic algorithm that were used are:

ITER=8000; REP=150; T=1, T ' =2
GEN=1000; MUT=0.2; POP=50; ALPHA=2



The results presented correspond to a PC with 500 MHz AMD-K6 processor and
are presented in table 2 in the appendix. It can be seen that both Tabu Search and
Genetic Algorithms have running times of the order of 10 seconds while B&B can
reguire several hours. Add to this that the relative error of the heuristic methods are
rather small (1.71% in average for tabu search and 0.77% for the genetic algorithm).

Figure 1 shows the average relative error as a function of the number of efficient
units. The larger this number, the larger the solution space and consequently the more
difficult the problem (at least in principle). The relative error for Tabu Search but
specially for the Genetic Algorithm is always very low.
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Fig. 1. Average relative error of FDH, genetic algorithm and tabu search.

Four additional test instances with 15 DMUs have been generated and the results
of the tabu search, genetic algorithm and branch and bound algorithms are shown
below, in table 1. The parameter values for Tabu search and genetic algorithm that
were used are:

ITER=10000; REP=150; T=1; T ' =5
GEN=2000; MUT=0.2; POP=50; ALPHA=2

Table 1. Resultsfor 15 DMUs problems

TRADITIONAL GENETIC TABU
Prob. ||E| FDH ALGORITHM SEARCH BRANCH & BOUND
Solution | Time |Solution| Time |Solution| Time |Solution Time

0.5025 | 0.05s] 0.3404 | 20.225) 0.3404 | 13.12s| 0.3366 8h 29min 245
0.4844 | 0.05s] 0.3608 | 17.385) 0.3792 | 11.13s| 0.3607 1h 46min 325
0.6154 | 0.05s| 0.3624 |11.325] 0.3462 |10.82s] 0.3337 [3d 22h 20min 85
0.5094 | 0.05s] 0.4651 | 18.565) 0.4651 | 9.73s| 0.4651 17h 39min 15
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The large computing times of the exact method demonstrate that it is not suited for
relatively small problems. Note also that, the same as for the smaller problems, the
conventional FDH solution is not very good and that both Tabu Search and Genetic
Algorithms, which start with that solution, are able to significantly improve upon it.



6. Summary and conclusions

Though conventional DEA models project each DMU in an independent manner, the
methodology also allows the consideration of a centralized resource allocation point
of view. This paper has presented such a centralized model for resource allocation
with FDH technology. The problem has a combinatorial structure and for solving it
two different metaheuristics have been implemented. To benchmark their perform-
ance, an optimal B&B method has also been developed. Computational experiences
show that the optimal B&B is not feasible for large problems and that the metaheu-
rigtic, specialy the Genetic Algorithm, can give very good solutions with minimal
computing requirements.
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Appendix

Table 2. Results for 10 DMUs problems

Prob. ||E| TRAD. FDH GEN. ALG. TABU S. BRANCH & BOUND
Solution| Time |Solution| Time |Solution| Time |Solution Time
0.8580 | 0.01s | 0.6561 | 9.099 0.6561 | 7.095] 0.6561 175
0.7070 | 0.06s | 0.6567 | 8.90§ 0.6716 | 1.045] 0.6567 59

0.7753 | 0.01s | 0.6598 | 8.899 0.6598 | 4.265] 0.6598 23min 30s
0.4765 | 0.01s | 0.4199 | 8.849 0.4433 | 4.565 0.4199 11min 42s
0.8192 | 0.01s | 0.7269 | 9.069 0.7306 | 4.125] 0.7269 | 7h 1min 259
0.5150 | 0.05s | 0.3728 | 8.959 0.3728 | 1.215 0.3728 2min 1s
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Prob. ||E| TRAD. FDH GEN. ALG. TABU S. BRANCH & BOUND
Solution| Time |Solution| Time |Solution| Time |Solution Time

7 510.6968 | 0.05s | 0.4113 | 9.349 0.4113 | 5.115] 0.4113 285
8 3105218 | 0.05s | 0.4570 | 8.909 0.4588 | 0.885] 0.4570 1min 349
9 71 0.9158 | 0.01s | 0.6691 | 9.069 0.6245 | 3.355 0.6245 54min 30s}
10 | 7] 08673 | 0.05s | 0.7326 | 8.359 0.7448 | 6.095 0.7269 | 6h 29min 365
11 J7]10.7750 | 0.01s | 0.3496 | 8.859 0.3496 | 6.155] 0.3496 6min 40s
12 18] 09194 | 0.06s | 0.7196 | 9.449 0.7444 | 2.865] 0.7196 [ 3h 9min 215
13 14]10.6381 | 0.01s | 0.4708 | 8.469 0.5050 | 2.155] 0.4708 1min 249
14 ]5] 08948 | 0.01s | 0.7844 | 9.459 0.7844 | 2.255] 0.7844 | 1h 10min 8s}
15 15105462 | 0.01s | 0.2902 | 9.289 0.2902 | 3.685] 0.2902 54s
16 |5 0.8168 | 0.01s | 0.6542 |10.089 0.6542 | 1.54s] 0.6542 | 3h 45min 12|
17 ]6]0.8583 | 0.01s | 0.6870 | 9.299 0.6960 | 2.31s] 0.6870 [ 2h 49min 2]
18 |8 0.8103 | 0.05s | 0.5395 | 9.789 0.5490 [15.345] 0.5395 | 2h 50min 415}
19 15]10.6649 | 0.06s | 0.5525 | 9.549 0.5330 | 4.179 0.5330 2h 8min 19
20 13105647 | 0.01s | 0.5598 | 9.569 0.5647 | 0.66s] 0.5598 93
21 16]0.7687 | 0.01s | 0.6576 | 8.969 0.6321 | 1.925] 0.6321 50min 54s
22 151 0.6700 | 0.01s | 0.5927 | 9.899 0.5927 | 0.875] 0.5927 24min 10s}
23 161 0.7566 | 0.05s | 0.6050 | 9.729 0.6050 | 1.759 0.6050 57min 14s|
24 141 0.7754 | 0.06s | 0.6526 |10.119 0.7002 | 1.545] 0.6526 13min 69
25 13]0.6894 | 0.01s | 0.6506 | 9.789 0.6552 | 0.705] 0.6506 4
26 13103261 | 0.01s | 0.2296 | 9.739 0.2296 | 1.265] 0.2296 15}
27 13105406 | 0.01s | 0.3220 | 9.999 0.3220 | 1.269 0.3220 15}
28 15]0.8321 | 0.01s | 0.7328 |10.00§ 0.7328 | 6.275] 0.7328 35min 26s}
29 13]10.6281 | 0.01s | 0.5892 | 9.729 0.5892 | 9.775] 0.5892 29
30 |3]0.7129 | 0.01s | 0.6157 | 9.849 0.6157 |[10.985] 0.6157 2min 475
31 |5]0.6754 | 0.01s | 0.5039 | 9.899 0.5039 | 4.505] 0.5039 9min 225
32 |4]10.7710 | 0.01s | 0.5752 |10.169 0.6522 | 1.595] 0.5752 435
33 |3]0.6194 | 0.01s | 0.5298 | 9.949 0.5298 |10.825] 0.5298 325
34 |5]0.7179 | 0.01s | 0.6068 |10.389 0.5912 | 2.429] 0.5912 | 4h 57min 179
35 |5)]0.8108 | 0.01s | 0.6384 |10.119 0.6384 | 1.215 0.6384 | 1h 25min 19
36 |4]0.7002 | 0.06s | 0.6638 |10.169 0.6638 | 7.095] 0.6638 37min 19s}
37 |4]105304 | 0.05s | 0.3584 [10.279 0.4050 | 2.095] 0.3584 2min 59
38 |6]0.7484 | 0.01s | 0.4781 [11.049 0.4697 | 6.765] 0.4697 4
39 |6]0.8224 | 0.01s | 0.6148 |10.169 0.6196 | 2.145 0.6148 | 5h 58min 279
40 |5]0.4816 | 0.01s | 0.2755 [10.289 0.2755 [11.205] 0.2244 15}
41 ]3] 05057 | 0.05s | 0.4522 |10.169 0.4522 | 0.985] 0.4522 3min 395
42 1410592 | 0.01s | 0.3811 [10.329 0.4233 | 3.135] 0.3811 29
43 ]3] 05493 | 0.01s | 0.4129 [10.329 0.4129 | 1.815] 0.4129 6min 383
44 16| 0.6536 | 0.06s | 0.3444 |10.809 0.3444 | 5.879 0.3444 | 3h 28min 519
45 ]3] 0.2703 | 0.05s | 0.2559 [10.719 0.2559 | 1.545] 0.2559 2min 79
46 | 3] 05747 | 0.01s | 0.4505 [10.389 0.4505 | 2.315] 0.4505 109
47 121 0.3925 | 0.05s | 0.2697 |10.649 0.2697 | 0.88s] 0.2697 0.55
48 |41 0.7783 | 0.05s | 0.4703 [11.219 0.4703 |[11.485] 0.4703 57min 59s}
49 ]12]0.3365| 0.01s | 0.3107 [10.499 0.3125 | 1.985] 0.3107 9s
50 | 6] 05165 | 0.01s | 0.4103 |10.659 0.4103 | 0.985 0.4103 | 2h 42min 59




