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1 Intr oduction

Much of therecentwork onrobustANN brings to mind researchin norparaméric sta-
tisticalinference TheANN areseerby researchrsaseitherhighly paranetrizedmodel
or nonprametricstructues.In particularwe cancharacterizehe ANN as“semipas-

metric” wherever we relax someof the assumptiog aboutthe activation functions or

thenoisedistribution corrypting the datameasurerents.With thetermsemipararatric

NN (SNN) (Se€g[Cap97) it is thusrecogizedthatboth paranetric andnonpmarametric
modelcompamentsare simultaneoslhypresentin the net architectwe. Therefae, there
arecompmneris that belorg to finite-dmensionalparameer spacese.g.weights,and
compamentsthatrangein function spacesi.e. the sameactivationfunctions.

1 This work was suppatedin partby ResearctGrantFondegt 1010101, in partby Research
GrantBMBF CHL-99/023(Germaiy) andin partby ResearclGrantDGIP-UTFSM
Work of C. Moraga was suppated by Grant SAB2000-0@8 of the Ministry of Education,
CultureandSport(Spain)andthe SocialFundof the Europearlnion.



A typical nonprametricinferenceproldem is the learning(or estimatingin sta-
tistical language)of arbitrary decisionboundariesfor classificationtask, basedon a
collectionof labeled(pre<classified)training samplesThe bourdariesarearbitray in
sensehatno particularstructue, or classof bowndaries,s assumend priori. In par
ticular, thereis no paranetric mockl, astherewould be with the pressumfton of, say
linear or quadatic decisionsurface.This point of view is implicit in mary networks
formulationssuggesting closeanaloy to norparametridnfererce.

Nonparametricobustinfererceis animportanttopicin statisticsandalsoartificial
neurd networks (ANN). Thelatterareseerby reaserches aseitherhighly paranetrized
modelsor norparametics structuresln particdar we characteeze thenetworks assemi-
paramérics mocels.With thetermsemipararatric neuralnetworksit is thusrecogized
thatbothparametic andnonmrametrionodelcompmentsaresimultaneasly present
in thenetarchite¢ure.We consideionecrucialaspecfor semipaametricinferencethat
is thepossibledegradatiors thatis browghtinto the estimatedy the presencef outliers
in thesampleThis aspechasbeenwidely investigatesn statisticsput notin the ANN
literature.

2 Artificial Neural Networks

Mathematiclly, an ANN consistsof elementaryproessingelementgneuons),orga-
nizedin Layers.TheLayersbetweertheinput andtheoutpu layersarecalled’hidder’.
The nunberof input unitsis deternined by the apgication. The architectue or topd-
ogy of a network refeis to the topolagical arrangmentof the network comections.
We definea classof neuralmockels accodingto [Vap%]. A classof neuralmocklsis
specifiedby

S ={oaxw),xeR"wew}, wcoP (1)

whereg, (x,w) is a nortlinear fundion of x with w beingits paranetervecta, and p
is the number of free paraméersdetermied by A, , i.e., p= p(A)). A\ dendesthe
architectue of the neual network andA the number of hiddenneurans.

A class(or family) of neural modelsis a setof ANN modéds which sharethe same
architectue andwhoseindividual membersrecontiruouslyparaneterizecby thevec-
torw = (W, Wy, ...,Wp) ". Theelementf this vectorareusuallyreferedto asweights.
For asingle-hidien-layer architectue, the nurberof hidden unitsA indexesthe differ-
entclasseof ANN modds (S,) sinceit is an unanbiguaus descriptorof the dimen
sionally p of theparametewector(p = (m+2)A + 1).

Given the sampleof obsenations, the task of neurallearnirg is to constructan
estimatorg(x, w) of theunkrown function ¢(x)
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wherew = (W1, W, ...,Wp)T is a parametevecta to be estimatedy, arelinearity or
nondinearity andA is acontrd parametefnumberof hiddenunits).An importantfac-
tor in the specificationof neural mockls is the choiceof basefunctiony. Otherwise
known as’activationi or 'squashig’ functions,thesecanbe ary noniinearity aslong
asthey arecontinwus, boundedanddifferentiable.Typically y1 is a sigmoidalor the
hyperbolictangem All thesefunctionsbelorg to the family I' = {y1 = v1(zk, T,c) :
zk € RT,c e R—{0}} , wherey; is definedasyi(z k,T,c) = k+c[1+exp{Tz}] 1,
whenc = 1,k=0andT = —1theclassicasymmetri@ctivationfunctionis obtained
whichis themostcommaly used.

Theestimatedparaneteri,, is obtaired by minimizing iteratively a costfunctional
L(w), i.e.,Ww=argmin{Ln(w) :weW}, W C 0P, whereLn(w) is for examge the
ordinary leastsquaregunctioni.e.

n
Ln(w) = 2—1n Zi(Yi —g(%,w))? ®3)
i=
The loss function in equation(3) gives us a measureof accurag with which an
estimatorA,, fits the obsered databut it doesnot account for the estimators (mockl)
compleity. Given a sufiicient large nurber of free paraneter p = p(A,), a neural
estimatorA,, canfit thedatawith arbitrary accurag.

3 Robust Statistical Theory

A qualitatverohustnesss arobustressconcepthatmeasurgheglobalreliability of the
estimatorwhichdescribs upto whatdistancdrom themocel distributiontheestimator
still givessomerelevart information.

For givenF, the asymptoticdistribution of T(F) is Gg, soLg(+/N[Th— T(G)]) LN
N(O,V(T,G)), whereT, is the empirical distribution. The estimatorT is saidto be
qualitatvely robustat F if for every € > 0 thereexists a & > 0, suchthatd(F, F) <
o implies d(Gr,Gg) < €. This meanthatif the distribution of the y;’s (F) is per
turbedonly slightly, thenthecorrespondig chang in theasymptotidistribution of the
estimato(Gg) shoud alsobe small.

Another important robustnessoncepts the quantitative robustnessbecaseit al-
lows usto assesshe influerce of individual obserationstoward the value of an esti-
mate.Thisis alocal concep.

A basicquantitatie robustnessnformationis theinfluencefunction. Theinfluerce
function(IF) of T atF is given by:

FOOTF) ZELrET((l—t)Ftt&)—T(F) @

which givestheinfluenceof the effect of aninfenitesimé cortaminationof anstatistic
T of oneadditicnal obsenation,for n — . It measureshe asymptdic biascausedy
contaninationin the obsenations.




Unde mild reguarity conditins, [ I F(x; T,F)dF (x) = OwhereOis thep-dmensional
null vector The covariancematrixis:

V(T,F) :=/IF(x;T,F)IF(x;T,F)TdF(x) )

Now let {Fg}o beaparametic mode with densitiesfg(x), anddenoteby:

T
s(x,0) := %In fo(X) := (%In fg(x),...,—)ln fe(X)) (6)

the vectorof likelihoad scoresandby J(8) := [ s(x,0)s(x,0)" dFg(X) the Fisherinfor-
mationmatrix.

3.1 M-Estimators

Definition: An M-estimator(funcional) is definedthrough afunctionp: x x © — O
asthevalueT(F) € OP minimizing f p(x,t)dF(x) over t, or through a function  :
X X © — 0P asthesolutionfor t of thevecta equatim

[ wixndF (o =0 ™

wherey(x,8) = 9(x,0)/06. In this casetheinfluercefundion is

IF(xT,F) =M(W,F)"Y(x, T(F)) (®)

with thep x p matrixM givenby M(y,F) := — f[a%tp(x, 0)]r(r)dF (x), andtheasymp
totic covariancematrixis

V(T,F) = M(W,F)'Q(,F)M(y,F)~T 9)
with Q(U, F) := [W(x, T(F))W(x,T(F))TdF(x)

4 Robust/Efficient ANN Learning

In highly nonlinea mocelswe couldchoosevork uncer robustcondtionsthatguaran
teeasmallasympteic biasedout possiblyincorsistentestimatoydueto mode mispeci-
fication,or with aconsistenaindprobaly asympotically more efficientsemipararatric
M-estimator

As a startingpointfor this analysiswe conside thatan M-estimate is asymptai-
cally efficientif andonly if

1 Ologfg
SRRTCIT: (10
wherewe indicatewith Fg and fg the distribution andthe densityfunctiors of a para-
metricmode, andwith




Ologf

I(Fo) = [ (S3-2)%do (19
00

theFisherinformation. TherebrelF mustbe propational to the scorefunctionandfor

theasymptoticvariance(AV) thefollowing hols:

A = /n:(x, 8,F)2dFy > ﬁ (12

In orde to find a satishictory compimise betweenefficiengy androbustnessn a
geneal semipararatric set-up we shouldregulaiize an infinite-dmension& prodem
redudng it to a constraied optimizationobjective function. This would leadto a so-
calledB-robustestimatoygiven its charaterizingbowundedlF. Like before,anoptimally
criterionis thatof fixing bourd through a constant > 0 suchthata bourdedIF would
resultthesolutionof the constrégnedoptimizationprable. in order notto sacrificemuch
efficiengy, we coud usean optimal B-robust estimator i.e., an estimatorthat is con-
sistentandasymptaically efficient within a classof estimatorendavedwith a certain
degreeof robustnessTheclassis charactaeed by

min/ W'wdPsg  forall Y subjectto supy||W(X)|| < ¢ (13

In semiparameit modds, on the otherhand,it is difficult to provide an explicit
optimallF; it canbe found anapproxmatesolutionsuchthatthe lowestbourd canbe
identifiedfrom the optimization problem in the caseof ¢ = « the prodemis to find
an efficient estimate while with ¢ < « we needt find an optimal IF for an optimal
estimator The solutiondespens on the chdce of the estimatorand,in geneal, one-
stepversiors of M-estimatorsshoud be consideed becausehey resultasymptaically
efficient after one iteration from a consistentyobust and possiblyendaved with an
high BP initial estimateof the paranetersof interestandwith the functiorals of the
likelihoad consistentlyestimated.

With iterative algorithirs at hand animportantissueis to consdidate the network
learning Thebackppbpagéaion algoritim is a possiblerecursve estimatorghatlocally
solvesoptimizationprodems,but it resultsasympotically inefficientrelatively toaNR-
typeestimatorThus, one-stepversiors of m-estimatos shouldbeconsideredThey are
basednthelF calculatecabore andsolve moment equatios like ¥;m(z,@,/)/n=0,
given a geneal interestparaméer @. Then considerilg ¢ = argmaxe ;i In f(z|@,ng)
as the GP(Max)L-estimatoy where the estimationof n doesnot affect the AV, and

givenM = (%W)M:% norsingular we have Yi(z) = M~1m(z @,no) and@ =

o+ 5 0(z,9)/n, whichis the one-steversionof the GP(Max)L-estimator

TheseNewton's M-estimatesareusuallyonly apprximate;justin specialcasesve
areableto find anexplicit form of th IF thatdoesnot involve adjustmenhterms,while
in the moregeneal casesve shouldconsideran estimatesomebiascorrectionterms,
andthisis indeedthe casewheneer we have a plugged-inestimatorin anoptimizatian
function.



5 Application of ANN in the RegressionAnalysis
A multivariate mockel-freeregressionprodem consistsn n pairsof vectos

(X|;>_(|)=(YILYIZ;---7YIq;X|1,X12,---,XIp) l =1727"'7n (14)
thathave beengeneratedrom unkrown mockls

yi=hi(x)+e& 1=12...n i=12..q (19

whereh; areunknavn smoothnonparanetric(model-freg fundions,hi : OP -0 i=
1,...,q, andg); arerandon variabesi.i.d with zeromean,i.e. E[g|;] = 0, andindepen
dentof x;. o A

Thegod of regressionis to constructestimatorshy, hy, . .., hq, which arefundions
of the data(;_/I ,%), | =1,...,n, to bestappoximatethe unknown functiors hy, .. ., hq,

andusetheseestimatedo predct anew y givenanew X, y; = h x) i=1,...,q.
Theregressiorprodem usingANN asnon{inearestimatorof the unkrown under-
lying function have beenlongy study(See[HLM *94], [Spe9]).
A FANN providesa norinearapprximationto h givenby

g(x,w) Z\N[Z] Z\vv[l] (16)

p+11

wherethefunctiony; (-) is asmoothbourdedmondic function.

The estimatecharaneterw is obtdned by minimizing iteratively a costfunctional
Ln(w) i.e.,w=arg min{Ly(w) : we ©}, © C OP, whereL,(w) is for examge the
ordinary leastsquaregunctioni.e.

n

Lo(w) = 5 3 (4= o w)? an

6 Robust Neural Network Learning

Thelossfunctionpresetedin (17) is very sensitve in the presencef outliers,causing
thattheerra producedby theoutliergives alargevaluecomparedto theotherestimated
erros causedy thetraining algaithm, so thatthe network will trendto appioximate
theoutlier point overall otherpoints.

With highly nonlinearmodels we could therebre chooseof working under robust
condtions that guaramee a small asymptoticbiasedbut possiblyuncmsistentestima-
tor, due to mockl misspecificationpr with a consistentand probably more efficient
semipararatric estimators.

Soarohustlearnirg algoiithmit is necesaryo overcomethis difficulties.Huberand
Hampelpropseda Rolusttheoryin statisticsandlately someinvestigationshave been



doneto introducethis theoy in the field of NeuralNetworks (See[CM94], [Cap0q,
[AMSO01]). Herewe presensomeresults.
Considetthenon-linearmodel

yi=h(x',0)+& 1<i<n (18

with i.i.d errois €;, E[€;] = 0, V[&i] = 0 and® theunknawn paraneter But theobsened
dataz, 1 <i < nis contamiratedby anoutlier generatig processi, S0z = X; + U;Vi,
wherevy; is azero-meprocesswith P[u; # 0] = a andu; hasdistribution G, 0 < o <<
1, with heavy tail.

Dueto the universal appioximator pomperty of the FANN, we useit to modelthe
undelying function of thedata,

z=h(x,w)+e 1<i<n (19

with i.i.d &, E[e] = 0, V[e] = ge, andh(x,w) hasthe form describedn 16.w arethe
unkrmown paraneterof dimensionp to be estimated.

&=z—-h(x,w) 1<i<n (20

The classof GeneralizeM (GM) estimatords usedto obtainw asan apprxima-
tion of w. This methodconsistsn a measurdo estimatethe fitting of the ANN to the
dataothe thanthetraditioral measureThe classof genertized M (GM) estimatorss
definedimplicity by thefirst order condtion

10 . R .
ﬁt;w(xt;r/c)Dth()_(;V_V):O 1<j<p (29

wherethe paraneterg andr = x — h(x, W) andDy,; h(x,W) = ﬁh()_(,v_v).
Thecondtionsthaty(-,-) : OP — OP mustsatisfyto have nice asympotic proper
tiescanbefound in [HRRS86]
Insteadof definingGM estimatorsasthe solutionto afirst ordercordition, they can
be definedasthe minimandof the objective fundion

RLn(w) = t;p(g) (22

with ap(x,r)/or = Y(x,r). p isarokustifyingfundion thatintroducesabourd influerce
of theoutlieronthelossfunction,andsis adata-@&pen@ntrobustscaleestimatevhose
objective is to make the parameteginvaiiant to scaletransfamation.

The estimatedpbaraneterw is obtaned by minimizing iteratively a costfunctional
RLn(w) i.e.

W=arg min{RL,(w) : we W}, wcoP (23

Ther aredifferentclasse®f GM estimatorsFor exanple Mallows’ GM estimators
givenby
Z(Xa r, C) = VX(X) "IJ(ra C) (24)



wheret(x,r,c) = p(r,c), dp(r,c)/dr = Y(r,c), andvy(x) is a weight function, v :
0P — [0,1]. A popular choiceof thescaleparaneteris doneby & = 1.483med[|U; (A) —
med(U; (V)]

Whenc is choserfix the learnirg processof the ANN, i.e., estimationprocesof
themockl parametes, hassomeprodems:aninitial mocel of the paraméersis needd
to find thefinal paraneters,andthe efficiency of thealgoithm is reducedWe propse
adynanic GM estimatorby letting the learningprocesschang the parametec. The
objective of changng c is to startfrom a GM estimatorcloseto the LS estimatorsoa
muchbetterinitialized ANN is nolonger neead, andtheefficieng is improvedin the
earlystageof thealgorithmacceleratig the corvergenceprocess.

There are several ways of changimg the ¢ parametethrough time, someproposal
canbefound in [Sch9], asa stochastidechniaiefor globaloptimization

7 Simulation Resultsto the Synthetic Data

In this sectionthe perfamanceof the RolustNeuralNetwork applyto paraneteresti-
mationin regressiorprodem, introducedin the preceéhg sectionsjs investigatedfor
anexamge of norlinearfunction.

Supmsewe have acomplicatednteractionfuncion asproposedby [HLM 194,

h(x1,x2) = 1.9(1.35+ €sin(13(x; — 0.6)%)e7*2sin(7x,)) (25

where(x1,x2) aretwo independeh variabes generéed from the uniform distribution

U([0,1]%). The outptt datais geneated using equaion (25) with an addition of an

indepadentandidenticallydistributed(iid) Gaussiamoisesy; = h(x},X,) + a;, where
a~ N(0,03).

Theobseveddatais obtainedoy z: = X + Ww, wherev; is azero-me processwith
P[w # 0] = a andu; hasdistribution Fy = N(0;02). With 0 < o << 1.

The experimentwas periormedfor a fixed samplesize of n = 10000 To avoid
initialization effectsthe first 300 obsevationswerediscared, 300 obserationswhere
usedfor trainning and100Q for testing. A FANN with 2 inputs,1 outputandonehidden
layerwith tenhiddenneursms wasusedto fit the data.

The experimentwas perfam usingoZ = 0.1 with Additive outliersanda = 0.05
ando? = 10.

To train the FANN, baclkpropajationwith momertum enhacementwas usedto
find the parametes of the network. ThelearningprocessvasperfomedusingLSE as
describedn equatim (17), andfor therobustlearninga combiration of then function
of the Mallows type as describd in equation(24) with the Huba’s  function and
Tukey's bi-squareunction,

Yr (r,¢) = sgn(r)min{]r|,c} (26)

We(r,c) = {r(l— (r/e)®»? re[-c. 7

0 r<—corr>c
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called GMH and GMB respectrdy, was used.(The graph of this functions are pre-
sentedin figure 1. The assessmentf perfamancewas dore by comparing the fitted
modelwith the“true” fundion countepartson alargeindependemtestset. Theresults
obtainel areshavn in table1 andin figure ?? is showvn the unknown surface,andthe
surfacegeneatedby the ANN whendifferent estimateit is used.

Table 1. MSE resultsfor the RohustLearningprocesof the FANN

Additi ve

a =0.05ando? = 10
Estimates| Train  Pred

LSE 1.1881 4.8985
GMB 1.1735 4.5007
GMH 1.09001 4.5119

8 Concluding Remarks

We show insteadthat statisticalrobustness and efficiency pay a key role andsuggest
aninitial apprachto meige the adwertagesthatthay bring into the statisticalanalysis
of theso-calledsemiparameir neual networks. We illustratethatmary realprodems
couldbenefitfrom robustnessconcets. As specialcaseof nortlinearfunction to model
datafrom anunknown function ANN fit by classicaleastsquaesestimatevereshavn
to be sensitve to the presencef outliers.We introduceda robust learningprocelure
basedn the GM-estimateto improve the quditative andquariitative robustressof the
neurad network. The rohust learnirg algaithm proposedshavs goad perfonancefor
thepredicto mocelson syntheticdataset.
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