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1 Intr oduction

Muchof therecentwork onrobustANN brings to mind researchin nonparametric sta-
tistical inference.TheANN areseenby researchersaseitherhighly parametrizedmodel
or nonparametricstructures.In particularwe cancharacterizetheANN as“semipara-
metric” whenever we relaxsomeof theassumptions abouttheactivation functions or
thenoisedistribution corrupting thedatameasurements.With thetermsemiparametric
NN (SNN) (See[Cap97]) it is thusrecognizedthatbothparametric andnonparametric
modelcomponentsaresimultaneoslypresentin the net architecture. Therefore, there
arecomponents that belong to finite-dimensionalparameter spaces,e.g.weights,and
componentsthatrangein functionspaces,i.e. thesameactivationfunctions.
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GrantBMBF CHL-99/023(Germany) andin partby ResearchGrantDGIP-UTFSM
Work of C. Moraga wassupported by GrantSAB2000-0048 of the Ministry of Education,
CultureandSport(Spain)andtheSocialFundof theEuropeanUnion.



A typical nonparametricinferenceproblem is the learning(or estimatingin sta-
tistical language)of arbitrary decisionboundariesfor classificationtask,basedon a
collectionof labeled(pre-classified)training samples.Theboundariesarearbitrary in
sensethatno particularstructure, or classof boundaries,is assumenda priori. In par-
ticular, thereis no parametric model, astherewould bewith thepressumption of, say,
linear or quadratic decisionsurface.This point of view is implicit in many networks
formulationssuggestinga closeanalogy to nonparametricinference.

Nonparametricrobustinferenceis animportanttopic in statisticsandalsoartificial
neural networks(ANN). Thelatterareseenby reaserchersaseitherhighlyparametrized
modelsornonparametricsstructures.In particularwecharacterizethenetworksassemi-
parametricsmodels.With thetermsemiparametricneuralnetworksit is thusrecognized
thatbothparametric andnonparametricmodelcomponentsaresimultaneously present
in thenetarchitecture.Weconsideronecrucialaspectfor semiparametricinferencethat
is thepossibledegradations thatis brought into theestimatesby thepresenceof outliers
in thesample.Thisaspecthasbeenwidely investigatesin statistics,but not in theANN
literature.

2 Artificial Neural Networks

Mathematically, anANN consistsof elementaryprocessingelements(neurons),orga-
nizedin Layers.TheLayersbetweentheinput andtheoutput layersarecalled”hidden”.
Thenumberof input units is determinedby theapplication.Thearchitecture or topol-
ogy of a network refers to the topological arrangementof the network connections.
We definea classof neuralmodelsaccording to [Vap95]. A classof neuralmodels is
specifiedby

Sλ � � gλ � x � w � � x � Rm � w � W ��� W 	 ℜp (1)

wheregλ � x � w �
is a non-linear function of x with w beingits parametervector, and p

is the number of free parametersdetermined by A λ , i.e., p � ρ � Aλ). Aλ denotes the
architecture of theneural network andλ thenumber of hiddenneurons.

A class(or family) of neural modelsis a setof ANN models which sharethesame
architectureandwhoseindividualmembersarecontinuouslyparameterizedby thevec-
tor w �
� w1 � w2 ������� wp

� T . Theelementsof thisvectorareusuallyreferredto asweights.
For a single-hidden-layer architecture, thenumberof hidden unitsλ indexesthediffer-
ent classesof ANN models � Sλ

�
sinceit is an unambiguous descriptorof the dimen-

sionally p of theparametervector � p ��� m � 2
�
λ � 1

�
.

Given the sampleof observations, the task of neural learning is to constructan
estimatorg � x � w �

of theunknown function ϕ � x �
g � x � w � � γ2 � λ

∑
j � 1

w � 2�j γ1 � m

∑
i � 1

w � 1�i j xi � w � 1�m � 1 � j � � w � 2�λ � 1

�
(2)



wherew ��� w1 � w2 ������� wp
� T is a parametervector to be estimated,γ �s are linearity or

non-linearity andλ is a control parameter(numberof hiddenunits).An importantfac-
tor in the specificationof neural models is the choiceof basefunction γ. Otherwise
known as’activation’ or ’squashing’ functions,thesecanbeany non-linearity aslong
asthey arecontinuous,boundedanddifferentiable.Typically γ 1 is a sigmoidalor the
hyperbolic tangent. All thesefunctionsbelong to the family Γ ��� γ 1 � γ1 � z � k � T � c �

:
z � k � R � T � c � R ��� 0 ��� , whereγ1 is definedasγ1 � z � k � T � c � � k � c � 1 � exp � Tz ��� � 1,
whenc � 1 � k � 0 andT � � 1 theclassicalasymmetricactivationfunction is obtained,
which is themostcommonly used.

Theestimatedparameterŵn is obtainedby minimizing iteratively a costfunctional
L � w �

, i.e., ŵ � arg min � Ln � w �
: w � W �!� W 	 ℜp, whereLn � w �

is for example the
ordinary leastsquaresfunction i.e.

Ln � w � � 1
2n

n

∑
i � 1

� yi � g � xi � w ��� 2 (3)

The loss function in equation(3) gives us a measureof accuracy with which an
estimatorAλ, fits theobserveddatabut it doesnot account for theestimator’s (model)
complexity. Given a sufficient large number of free parameter, p � ρ � A λ

�
, a neural

estimatorAλ, canfit thedatawith arbitraryaccuracy.

3 Robust Statistical Theory

A qualitativerobustnessis arobustnessconcept thatmeasuretheglobalreliability of the
estimator, whichdescribesuptowhatdistancefromthemodel distributiontheestimator
still givessomerelevant information.

For givenF, theasymptoticdistribution of T � F �
is GF , so LG �#" n � Tn � T � G � � � d$

N � 0 � V � T � G ���
, whereTn is the empirical distribution. The estimatorT is said to be

qualitatively robust at F if for every ε % 0 thereexists a δ % 0, suchthat d � F � F̂
�'&

δ implies d � GF � GF̂

�(&
ε. This meanthat if the distribution of the yt ’s (F) is per-

turbedonly slightly, thenthecorresponding change in theasymptoticdistributionof the
estimator(GF ) should alsobesmall.

Another important robustnessconceptis thequantitative robustness,becauseit al-
lows us to assessthe influence of individual observationstoward thevalueof anesti-
mate.This is a localconcept.

A basicquantitative robustnessinformationis theinfluencefunction. Theinfluence
function(IF) of T at F is given by:

IF � x � T � F � � lim
t ) 0

T ��� 1 � t
�
F � tδx

� � T � F �
t

(4)

which givestheinfluenceof theeffect of aninfenitesimal contaminationof anstatistic
T of oneadditional observation,for n $ ∞. It measurestheasymptotic biascausedby
contaminationin theobservations.



Under mild regularity conditions, * IF � x;T � F �
dF � x � � 0where0 is thep-dimensional

null vector. Thecovariancematrix is:

V � T � F �
: � +

IF � x;T � F �
IF � x;T � F � T dF � x �

(5)

Now let � Fθ � Θ beaparametric model with densitiesfθ � x �
, anddenoteby:

s � x � θ �
: � ∂

∂θ
ln fθ � x �

: �-, ∂
∂θ . 1/ ln fθ � x � �0���0�� ∂

∂θ . p / ln fθ � x �21 T

(6)

thevectorof likelihood scores,andby J � θ �
: � * s � x � θ �

s � x � θ � T dFθ � x �
theFisherinfor-

mationmatrix.

3.1 M-Estimators

Definition: An M-estimator(functional) is definedthrough a function ρ : χ 3 Θ $ ℜ
as the valueT � F � � ℜp minimizing * ρ � x � t � dF � x �

over t, or through a function ψ :
χ 3 Θ $ ℜp asthesolutionfor t of thevector equation+

ψ � x � t � dF � x � � 0 (7)

whereψ � x � θ � � ∂ � x � θ �54
∂θ. In this casetheinfluencefunction is

IF � x;T � F � � M � ψ � F � � 1ψ � x � T � F ���
(8)

with thep 3 p matrixM given by M � ψ � F �
: � �6*7� ∂

∂θ ψ � x � θ � � T . F / dF � x �
, andtheasymp-

totic covariancematrix is

V � T � F � � M � ψ � F � � 1Q � ψ � F �
M � ψ � F � � T (9)

with Q � ψ � F �
: � * ψ � x � T � F �0�

ψ � x � T � F ��� T dF � x �
4 Robust/Efficient ANN Learning

In highly nonlinear modelswecouldchoosework under robustconditions thatguaran-
teeasmallasymptotic biasedbut possiblyinconsistentestimator, dueto model mispeci-
fication,orwith aconsistentandprobably asymptotically moreefficientsemiparametric
M-estimator.

As a startingpoint for this analysis,we consider thatanM-estimator is asymptoti-
cally efficient if andonly if

IF � 1
I � Fθ

� ∂ log fθ
∂θ

(10)

wherewe indicatewith Fθ and fθ thedistribution andthedensityfunctions of a para-
metricmodel, andwith



I � Fθ
� � + � ∂ log fθ

∂θ
� 2dFθ (11)

theFisherinformation.ThereforeIF mustbeproportional to thescorefunctionandfor
theasymptoticvariance(AV) thefollowing hols:

AV � +
IF � x � θ � F � 2dFθ 8 1

I � Fθ
� (12)

In order to find a satisfactorycomprimise betweenefficiency androbustnessin a
general semiparametric set-up, we shouldregularize an infinite-dimensional problem
reducing it to a constrained optimizationobjective function. This would leadto a so-
calledB-robustestimator, given its characterizingboundedIF. Likebefore,anoptimally
criterionis thatof fixing bound througha constantc % 0 suchthata boundedIF would
resultthesolutionof theconstrainedoptimizationproble.in ordernot to sacrificemuch
efficiency, we could usean optimal B-robust estimator, i.e., an estimatorthat is con-
sistentandasymptotically efficient within a classof estimatorsendowedwith a certain
degreeof robustness.Theclassis characterizedby

min
+

ψT ψdPθ � g for all ψ subjectto supx 99 ψ � x � 9�9�: c (13)

In semiparametric models, on the otherhand,it is difficult to provide an explicit
optimalIF; it canbefound anapproximatesolutionsuchthatthe lowestbound canbe
identifiedfrom the optimization problem. in the caseof c � ∞ the problem is to find
an efficient estimate,while with c

&
∞ we needt find an optimal IF for an optimal

estimator. The solutiondespends on the choice of the estimatorand,in general, one-
stepversions of M-estimatorsshould beconsideredbecausethey resultasymptotically
efficient after one iteration from a consistent,robust and possiblyendowed with an
high BP initial estimateof the parametersof interestandwith the functionals of the
likelihood consistentlyestimated.

With iterative algorithms at hand, an important issueis to consolidate thenetwork
learning. Thebackpropagation algorithm is a possiblerecursive estimatorsthat locally
solvesoptimizationproblems,but it resultsasymptotically inefficientrelatively toaNR-
typeestimator. Thus,one-stepversionsof m-estimatorsshouldbeconsidered. They are
basedon theIF calculatedaboveandsolvemoment equations like ∑i m � zi � φ � η̂ �54

n � 0,
given a general interestparameter φ. Then, considering φ̂ � argmaxφ ∑i ln f � zi 9 φ � ηφ

�
as the GP(Max)L-estimator, where the estimationof η doesnot affect the AV, and
given M �;� ∂E . m . z � φ � η0 /</

∂φ
� 9 φ � φ0 nonsingular, we have ψ � z � � M � 1m � z � φ � η0

�
andφ �

φ̂ � ∑i ψ̂ � zi � φ̂ �04
n, which is theone-stepversionof theGP(Max)L-estimator.

TheseNewton’s M-estimatesareusuallyonly approximate;just in specialcaseswe
areableto find anexplicit form of th IF thatdoesnot involve adjustment terms,while
in themoregeneral caseswe shouldconsideranestimatesomebiascorrectionterms,
andthis is indeedthecasewheneverwehaveaplugged-inestimatorin anoptimization
function.



5 Application of ANN in the RegressionAnalysis

A multivariatemodel-freeregressionproblem consistsin n pairsof vectors

� yl
� xl

� �=� yl1 � yl2 �0���0�� ylq;xl1 � xl2 ���0���<� xl p
�

l � 1 � 2 �����0�>� n (14)

thathavebeengeneratedfrom unknown models

yli � hi � xl
� � εli l � 1 � 2 ���0���� n i � 1 � 2 �����0�>� q (15)

wherehi areunknownsmoothnon-parametric(model-free) functions,h i : ℜp $ ℜ i �
1 �0���0��� q, andεli arerandom variables i.i.d with zeromean,i.e. E � ε li � � 0, andindepen-
dentof xl .

Thegoal of regressionis to constructestimatorsĥ1 � ĥ2 �0������ ĥq, which arefunctions
of the data � yl

� xl
�
, l � 1 ���0���� n, to bestapproximatethe unknown functions h 1 �0�����<� hq,

andusetheseestimatesto predict anew y givena new x, ŷ i � ĥi � x �
i � 1 �0������ q.

Theregressionproblem usingANN asnon-linearestimatorof theunknown under-
lying function, havebeenlongly study(See[HLM � 94], [Spe91]).

A FANN providesa nonlinearapproximationto h givenby

ŷ � g � x � w � � λ

∑
j � 1

w � 2�j γ1 � p

∑
i � 1

w � 1�i j xi � w � 1�p � 1 � j � (16)

wherethefunction γ1 �2? � is asmoothboundedmonotic function.

Theestimatedparameterŵ is obtainedby minimizing iteratively a costfunctional
Ln � w �

i.e., ŵ � arg min � Ln � w �
: w � Θ ��� Θ @ ℜp, whereLn � w �

is for example the
ordinary leastsquaresfunction i.e.

Ln � w � � 1
2n

n

∑
i � 1

� y � g � xi � w ��� 2 (17)

6 Robust Neural Network Learning

Thelossfunctionpresentedin (17) is verysensitive in thepresenceof outliers,causing
thattheerror producedby theoutliergivesalargevaluecomparedto theotherestimated
errors causedby the trainingalgorithm, so that thenetwork will trendto approximate
theoutlierpoint overall otherpoints.

With highly nonlinearmodels we could thereforechooseof working under robust
conditions thatguaranteea small asymptoticbiasedbut possiblyunconsistentestima-
tor, due to model misspecification,or with a consistentandprobably moreefficient
semiparametric estimators.

Soarobustlearning algorithm it is necesaryto overcomethisdifficulties.Huberand
HampelproposedaRobusttheoryin statisticsandlatelysomeinvestigationshavebeen



doneto introducethis theory in the field of NeuralNetworks (See[CM94], [Cap00],
[AMS01]). Herewe presentsomeresults.

Considerthenon-linearmodel

yi � h � xT
i � θ � � εi 1 : i : n (18)

with i.i.d errorsεi, E � εi � � 0,V � εi � � σε andθ theunknown parameter. But theobserved
datazi, 1 : i : n is contaminatedby anoutlier generating processν i, sozi � xi � uivi,
whereui is azero-oneprocesswith P � ut A� 0� � α andut hasdistributionGu, 0

&
α

&B&
1, with heavy tail.

Due to the universal approximatorporperty of the FANN, we useit to modelthe
underlying functionof thedata,

zi � h � xi � w � � ei 1 : i : n (19)

with i.i.d ei, E � ei � � 0, V � ei � � σe, andh � x � w �
hasthe form describedin 16. w arethe

unknown parameterof dimensionp to beestimated.

êi � zi � h � xi � w �
1 : i : n (20)

Theclassof GeneralizeM (GM) estimatorsis usedto obtainŵ asan approxima-
tion of w. This methodconsistsin a measureto estimatethefitting of theANN to the
dataother thanthetraditional measure.Theclassof generalized M (GM) estimatorsis
definedimplicity by thefirst order condition

1
n

n

∑
t � 1

ψ � xt � r 4 σ̂
�
Dw j h � x � ŵ � � 0 1 : j : p (21)

wheretheparameterσ̂ andr � xt � h � x � ŵ �
andDw j h � x � ŵ � � ∂

∂w j
h � x � w �

.

Theconditions thatψ �2? � ? � : ℜp $ ℜp mustsatisfyto have niceasymptotic proper-
tiescanbefound in [HRRS86]

Insteadof definingGM estimatorsasthesolutionto afirst ordercondition, they can
bedefinedastheminimandof theobjective function

RLn � w � � n

∑
t � 1

ρ C r
s D (22)

with ∂ρ � x � r �04 ∂r � ψ � x � r � . ρ is arobustifyingfunction thatintroducesabound influence
of theoutlieronthelossfunction,ands is adata-dependentrobustscaleestimatewhose
objective is to make theparameters invariant to scaletransformation.

Theestimatedparameterŵ is obtainedby minimizing iteratively a costfunctional
RLn � w �

i.e.

ŵ � arg min � RLn � w �
: w � W ��� W 	 ℜp (23)

Therearedifferentclassesof GM estimators.For exampleMallows’ GM estimators
givenby

ζ � x � r� c � � νx � x �
ψ � r� c �

(24)



whereτ � x � r� c � � ρ � r� c �
, dρ � r� c �54

dr � ψ � r� c �
, and νx � x �

is a weight function, νx :
ℜp $ � 0 � 1� . A popularchoiceof thescaleparameteris doneby σ̂ � 1 � 483med � 9 Ût � λ � �
med � Ût � λ � ��� .

Whenc is chosenfix the learning processof the ANN, i.e., estimationprocessof
themodel parameters,hassomeproblems:aninitial model of theparametersis needed
to find thefinal parameters,andtheefficiency of thealgorithm is reduced. We propose
a dynamic GM estimatorby letting the learningprocesschange theparameterc. The
objective of changing c is to startfrom a GM estimatorcloseto theLS estimator, soa
muchbetterinitializedANN is no longer needed, andtheefficiency is improvedin the
earlystageof thealgorithmaccelerating theconvergenceprocess.

There areseveral waysof changing the c parameterthrough time, someproposal
canbefound in [Sch91], asa stochastictechniquefor globaloptimization.

7 Simulation Resultsto the Synthetic Data

In this sectiontheperformanceof theRobustNeuralNetwork applyto parameteresti-
mationin regressionproblem, introducedin thepreceding sections,is investigatedfor
anexample of nonlinearfunction.

Supposewehaveacomplicatedinteractionfunction asproposedby [HLM � 94],

h � x1 � x2
� � 1 � 9 � 1 � 35 � ex1sin � 13� x1 � 0 � 6� 2 �

e � x2sin � 7x2
�0�

(25)

where � x1 � x2
�

aretwo independent variables generated from the uniform distribution
U � � 0 � 1� 2 � . The output data is generatedusing equation (25) with an addition of an
independentandidenticallydistributed(iid) Gaussiannoises,y i � h � xi

1 � xi
2

� � ai, where
a E N � 0 � σ2

a
�
.

Theobserveddatais obtainedby zt � xt � utvt , wherevt is a zero-oneprocesswith
P � ut A� 0� � α andut hasdistributionFu � N � 0;σ2

u
�
. With 0

&
α

&B&
1.

The experimentwas performedfor a fixed samplesize of n � 10000. To avoid
initialization effectsthefirst 300observationswerediscarded,300observationswhere
usedfor trainning and1000 for testing.A FANN with 2 inputs,1 outputandonehidden
layerwith tenhiddenneuronswasusedto fit thedata.

The experimentwasperform usingσ2
a � 0 � 1 with Additive outliersandα � 0 � 05

andσ2
u � 10.

To train the FANN, backpropagationwith momentum enhancementwas usedto
find theparameters of thenetwork. ThelearningprocesswasperformedusingLSE as
describedin equation (17), andfor therobustlearninga combinationof theη function
of the Mallows type as described in equation(24) with the Huber’s ψ function and
Tukey’s bi-squarefunction,

ψH � r � c � � sgn � r � min � 9 r 9 � c � (26)

ψB � r� c � �GF r � 1 � � r 4
c
� 2 � 2 r �H��� c � c �

0 r
& � c or r % c

(27)



Fig.1. a)(left)BiweightRedescending M-estimatorb)(rigth)Biweight ρ function

calledGMH andGMB respectively, wasused.(The graph of this functions arepre-
sentedin figure 1. The assessmentof performancewasdone by comparing the fitted
modelwith the“true” function counterpartsona largeindependent testset.Theresults
obtained areshown in table1 andin figure?? is shown theunknown surface,andthe
surfacegeneratedby theANN whendifferent estimateit is used.

Table1. MSE resultsfor theRobustLearningprocessof theFANN

Additi ve
α I 0 J 05 andσ2

u I 10
Estimates Train Pred
LSE 1 J 1881 4 J 8985
GMB 1 J 1735 4 J 5007
GMH 1 J 0901 4 J 5119

8 Concluding Remarks

We show insteadthat statisticalrobustnessandefficiency pay a key role andsuggest
aninitial approachto merge theadventagesthat thaybring into thestatisticalanalysis
of theso-calledsemiparametric neural networks.We illustratethatmany realproblems
couldbenefitfrom robustnessconcepts.As specialcaseof non-linearfunctionto model
datafromanunknown function. ANN fit byclassicalleastsquaresestimatewereshown
to be sensitive to the presenceof outliers.We introduceda robust learningprocedure
basedon theGM-estimateto improve thequalitative andquantitative robustnessof the
neural network. The robust learning algorithm proposedshows good perfomancefor
thepredictor modelsonsyntheticdataset.
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