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Abstract

This work tackles the problem of selecting
a subset of features in an inductive learn-
ing setting, by introducing a novel Thermo-
dynamic Feature Selection algorithm (TFS).
Given a suitable objective function, the al-
gorithm makes uses of a specially designed
form of simulated annealing to find a sub-
set of attributes that maximizes the objec-
tive function. The new algorithm is evaluated
against one of the most widespread and reli-
able algorithms, the Sequential Forward Float-
ing Search (SFFS). Our experimental results
in classification tasks show that TFS achieves
significant improvements over SFFS in the ob-
jective function with a notable reduction in
subset size.

1 Introduction

The main purpose of Feature Selection is to
find a reduced set of attributes from a data
set described by a feature set. This is often
carried out with a subset search process in the
power set of possible solutions. The search is
guided by the optimization of a user-defined
objective function. The generic purpose pur-
sued is the improvement in the generalization
capacity of the inductive learner by reduction
of the noise generated by irrelevant or redun-
dant features. Other advantages are found in
learning speed, number of examples required
or simplicity of the representation. An impor-
tant family of algorithms perform an explicit
search in the space of subsets by iteratively

adding and/or removing features one at a time
until some stop condition is met [4].

The idea of using powerful general-purpose
search strategies to find a subset of attributes
in combination with an inductive learner is not
new. There has been considerable work us-
ing genetic algorithms (see for example [15],
or [14] for a recent successful application).
On the contrary, simulated annealing (SA)
has received comparatively much less atten-
tion, probably because of the prohibitive cost,
which can be specially acute when it is com-
bined with an inducer to evaluate the qual-
ity of every explored subset. In particular,
[3] developed a rule-based system based on
the application of a generic SA algorithm by
standard bitwise random mutation. We are of
the opinion that such algorithms must be tai-
lored to feature subset selection if they are to
be competitive with state-of-the-art stepwise
search algorithms.

In this work we contribute to tackling this
problem by introducing a novel Thermody-
namic Feature Selection algorithm (TFS). The
algorithm makes uses of a specially designed
form of simulated annealing (SA) to find a
subset of attributes that maximizes the ob-
jective function. TFS has a number of dis-
tinctive characteristic over other search al-
gorithms for feature subset selection. First,
the probabilistic capability to accept momen-
tarily worse solutions the annealing schedule
itself is enhanced by the concept of an ε-
improvement, explained below. Second, the
algorithm is endowed with a feature search
window in the backward steps that limits the



neighbourhood size while retaining efficacy.
Third, the algorithm accepts any objective
function for the evaluation of every generated
subset. Specifically, in this paper three differ-
ent inducers have been tried to assess the this
quality. TFS is evaluated against one of the
most widespread and reliable stepwise search
algorithms, the Sequential Forward Floating
Search method (SFFS). Our experimental re-
sults in classification tasks show that TFS
notably improves over SFFS in the objective
function in all cases, with a very notable re-
duction in subset size, compared to the full
set size. We also find that the compared com-
putational cost is affordable for small number
of features and much better as the number of
features increases.

The document is organized as follows: first
we briefly review the feature subset selection
problem, the SFFS algorithm and relevant ma-
terial on Simulated Annealing. The TFS algo-
rithm is then introduced in pseudo-code form.
The methodology used in the empirical evalu-
ation and the discussion of the results are cov-
ered in detail in subsequent sections, followed
by the conclusions.

2 Feature Selection

Let X = {x1, . . . , xn}, n > 0 denote the full
feature set. Without loss of generality, we as-
sume that the objective function J : P(X) →
R

+∪{0} is to be maximized, where P denotes
the power set. We denote by Xk ⊆ X a subset
of selected features, with |Xk| = k. Hence, by
definition, X0 = ∅, and Xn = X. The feature
selection problem can be expressed as: given a
set of candidate features, select a subset1 de-
fined by one of two approaches:

1. Set 0 < m < n. Find Xm ⊂ X, such that
J(Xm) is maximum.

2. Set a value J0, the minimum acceptable J .
Find the Xm ⊆ X with smaller m such
that J(Xm) ≥ J0. Alternatively, given
α > 0, find the Xm ⊆ X with smaller m,

1Such an optimal subset of features always exists
but is not necessarily unique.

such that J(Xm) ≥ J(X) or |J(Xm) −
J(X)| < αJ(X).

In the literature, several suboptimal algo-
rithms have been proposed for feature se-
lection. A wide family is formed by those
algorithms which, departing from an initial
solution, iteratively add or delete features
by locally optimizing the objective function.
These algorithms leave a sequence of vis-
ited states with no backtracking and can be
cast in the general class of hill-climbing al-
gorithms. Among them we find the sequen-
tial forward generation (SFG) and sequential
backward generation (SBG), the plus-l-minus-
r (also called plus l - take away r) [4], the Se-
quential Forward Floating Search (SFFS) and
its backward counterpart SFBS [12]. The high
trustworthiness and performance of SFFS has
been ascertained by [6] and [9]. Note that
SFFS/SFBS need the specification of the de-
sired size of the final solution. SFFS is de-
scribed in flow-chart form, in Fig. 1.

3 Simulated Annealing

Simulated Annealing (SA) is a stochastic tech-
nique inspired on statistical mechanics for
finding near globally optimum solutions to
large (combinatorial) optimization problems.
SA is a weak method in that it needs almost no
information about the structure of the search
space. The algorithm works by assuming that
some part of the current solution belongs to
a potentially better one, and thus this part
should be retained by exploring neighbors of
the current solution. Assuming the objective
function is to be minimized, SA can jump from
hill to hill and escape or simply avoid sub-
optimal solutions. When a system S (consid-
ered as a set of possible states) is in thermal
equilibrium (at a given temperature T ), the
probability PT (s) that it is in a certain state
s depends on T and on the energy E(s) of s.
This probability follows a Boltzmann distribu-
tion:

PT (s) =
exp(−E(s)

kT
)

Z
,
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Figure 1: Algorithm SFFS: SFG (SBG) means the addition (removal) of the best (worst) feature. The set
Xk denotes the current solution (of size k), S(Xk) the data sample S using features in Xk, J the objective
function and d ± Δ the desired size of the solution.

with Z =
s∈S

exp −E(s)

kT

where k is the Boltzmann constant and Z
acts as a normalization factor. Metropolis and
his co-workers [11] developed a stochastic re-
laxation method that works by simulating the
behavior of a system at a given temperature T .
Being s the current state and s′ a neighboring
state, the probability of making a transition
from s to s′ is the ratio PT (s → s′) between
the probability of being in s and the probabil-
ity of being in s′:

PT (s → s′) =
PT (s′)
PT (s)

= exp −ΔE

kT

where we have defined ΔE = E(s′) − E(s).
Therefore, theacceptance or rejection of s′ as
the new state depends on the difference of the
energies of both states at temperature T . If
PT (s′) ≥ PT (s) then the “move” is always ac-
cepted. It PT (s′) < PT (s) then it is accepted
with probability PT (s, s′) < 1 (this situation
corresponds to a transition to a higher-energy
state). Note that this probability depends
upon and decreases with the current temper-
ature. In the end, there will be a temperature
low enough (the freezing point), wherein these
transitions will be very unlikely and the sys-
tem will be considered frozen.

In order to maximize the probability of find-
ing states of minimal energy at every temper-

ature, thermal equilibrium must be reached.
The SA algorithm proposed in [7] consists on
using the Metropolis idea at each temperature
for a finite amount of time. In this algorithm
the temperature is first set at a initially high
value, spending enough time at it so to ap-
proximate thermal equilibrium. Then a small
decrement of the temperature is performed
and the process is iterated until the system
is considered frozen. If the cooling schedule is
well designed, the final reached state may be
considered a near-optimal solution.

4 TFS: A Thermodynamic Feature
Selection Algorithm

In this section we introduce TFS (Thermody-
namic Feature Selection), a novel algorithm
for feature subset selection very successful for
problems of moderate feature size. Consid-
ering the SA as a combinatorial optimization
process [13], TFS finds a subset of attributes
that maximizes the value of a given objec-
tive function. A special-purpose feature se-
lection mechanism is embedded into the SA
that takes advantage of the probabilistic ac-
ceptance capability of worse scenarios over a
finite time. This characteristic is enhanced
in TFS by the notion of an ε-improvement:
a feature ε-improves a current solution if it
has a higher value of the objective function
or a value not worse than ε%. This mecha-
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Inputs: Xn: Full feature set x1 . . . xn; J(): Objective function
α() : Cooling schedule; ε: Epsilon value; T0, Tmin : Initial/Final temperature

ALGORITHM TFS (Xn, J, α, ε, T0, Tmin)
Xcur := ∅ Current subset
Jcur := 0 Current value of objective function
t := T0 Current temperature
l := 2 Window size (for backward steps)
While t > Tmin

Repeat
Y := Xcur // store current solution
Forward (Xcur, Jcur) // perform a number of forward steps
Backward (Xcur, Jcur) // perform a number of backward steps

until Y = Xcur // thermal equilibrium?
t := α(t) // update temperature
l := l + 1 // update window size

endwhile
END ALGORITHM

Output: Log of best solutions found for every size

Figure 2: TFS algorithm for feature selection. For the sake of clarity, only those variables that are modified
are passed as parameters to Forward and Backward.

nism is intended to account for noise in the
evaluation of the objective function due to fi-
nite sample sizes. The algorithm is also en-
dowed with a feature search window (of size
l) in the backward step, as follows. In for-
ward steps always the best feature is added
(by looking all possible additions). In back-
ward steps this search is limited to l tries at
random (without repetition). The value of l is
incremented by one at every thermal equilib-
rium point. This mechanism is an additional
source of non-determinism and a bias towards
adding a feature only when it is the best op-
tion available. To remove one, it suffices that
its removal ε-improves the current solution. A
direct consequence is of course a considerable
speed-up of the algorithm. Note that the de-
sign of TFS is such that it grows more and
more deterministic, informed and costly as it
converges towards the final configuration.

The pseudo-code of TFS is depicted in Figs.
2 to 3. The algorithm consists of two ma-
jor loops. The outer loop waits for the inner
loop to finish and then updates the tempera-

ture according to the chosen cooling schedule.
When the outer loop reaches Tmin, the algo-
rithm halts. The algorithm keeps track of the
best solution found (which is not necessarily
the current one). The inner loop is the core
of the algorithm and is composed of two in-
terleaved procedures: Forward and Backward,
that iterate until a thermal equilibrium point
is found, represented by reaching the same
solution before and after. These procedures
work independently of each other, but share
information about the results of their respec-
tive searches in the form of the current so-
lution. Within them, feature selection takes
place and the mechanism to escape from local
minima starts working, as follows: these pro-
cedures iteratively add or remove features one
at a time in such a way that an ε-improvement
is accepted unconditionally, whereas a non ε-
improvement is accepted probabilistically.
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PROCEDURE Forward (var Z, JZ)
Repeat

x := argmax{ J(Z ∪ {xi}) }, xi ∈ Xn \ Z
If ε-improves (Z, x, true) then accept := true
else

ΔJ := J(Z ∪ {x}) − J(Z)

accept := rand(0, 1) < e
ΔJ

t

endif
If accept then Z := Z ∪ {x} endif
If J(Z) > JZ then JZ := J(Z) endif

Until not accept
END Forward

PROCEDURE Backward (var Z, JZ)
A := ∅; AB := ∅
Repeat

For i := 1 to min(l, |Z|) do FUNCTION ε-improves (Z, x, b)
Select x ∈ Z \ AB randomly RETURNS boolean
If ε-improves (Z, x, false) If b then Z′ := Z ∪ {x}
then A := A ∪ {x} endif else Z′ := Z \ {x} endif
AB := AB ∪ {x} Δx := J(Z′) − J(Z)

EndFor If Δx > 0 then return true
x0 := argmax{J(Z \ {x})}, x ∈ AB else return −Δx

J(Z)
< ε endif

If x0 ∈ A then accept := true END ε-improves
else

ΔJ := J(Z \ {x0}) − J(Z)

accept := rand(0, 1) < e
ΔJ

t

endif
If accept then Z := Z \ {x0} endif
If J(Z) > JZ then JZ := J(Z) endif

Until not accept
END Backward

Figure 3: Top: TFS Forward procedure. Left: Backward procedure (note Z, JZ are modified and x0 can
be efficiently computed while in the For loop). Right: The function for ε-improvement.

5 An Experimental Study

In this section we report on empirical work.
There are nine problems, taken mostly from
the UCI repository and chosen to be a mixture
of different real-life feature selection processes
in classification tasks. In particular, full fea-
ture size ranges from just a few (17) to dozens
(65), sample size from few dozens (86) to the
thousands (3,175) and feature type is either
continuous, categorical or binary. The prob-

lems have also been selected with a criterion
in mind not very commonly found in similar
experimental work, namely, that these prob-
lems are amenable to feature selection. By this
it is meant that performance benefits clearly
from a good selection process (and less clearly
or even worsens with a bad one). Their main
characteristics are summarized in Table 1. It
is important to mention that all the data sets
represent two-class tasks (in the case of Splice
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data set, it was converted from three to two
classes by grouping the two less representative
classes). Two problems are artificially gener-
ated, as follows:

Kdnf: A boolean formula is generated in Dis-
junctive Normal Form, such that all the fea-
tures appear at least once in the formula but
none appears more than once in each clause.
The function is 1 if the formula evaluates to
true in the considered example and 0 other-
wise. Knum: The example is split into three
equal-sized parts that are interpreted as nat-
ural numbers and added up. The value of the
function is 1 if this is greater than a threshold,
and 0 otherwise.

5.1 Experimental setup

Each data set was processed with both TFS
and SFFS in wrapper mode [8], using the ac-
curacy of several classifiers as the objective
function : 1-Nearest Neighbor (1NN) for cat-
egorical data sets; 1-Nearest Neighbor, Lin-
ear and Quadratic discriminant analysis (LDC
and QDC) for continuous data sets [5]. Other
classifiers (e.g. Naive Bayes or Logistic Re-
gression) could be considered, being this mat-
ter user-dependent. The important point here
is noting that the present algorithms do not
dependent on the specific choice. We recom-
mend it to be fast, parameter-free and not
prone to overfit (specifically we discard neu-
ral networks). Decision trees are not recom-
mended since they perform their own feature
selection in addition to that done by the algo-
rithm and can hinder an accurate assessment
of the results.

Despite taking more time, leave-one-out
cross validation is used to obtain reliable gen-
eralization estimates, since it is known to have
low bias [1]. The TFS parameters are as fol-
lows: ε = 0.01, T0 = 0.1 and Tmin = 0.0001.
These settings were chosen after some prelim-
inary trials and are kept constant for all the
problems. The cooling function was chosen to
be geometric α(t) = ct, taking c = 0.9, follow-
ing recommendations in the literature [13]. As
mentioned above, SFFS needs a user-specified
parameter d (Fig. 1), the desired final size of

Name Ins Feat Orig Type

Breast Cancer (BC) 569 30 real cont
Ionosphere (IO) 351 34 real cont

Sonar (SO) 208 60 real cont
Mammogram (MA) 86 65 real cont

Kdnf (KD) 500 40 artif bin
Knum (KN) 500 30 artif bin

Hepatitis (HP) 129 17 real cate
Splice (SP) 3,175 60 real cate

Spectrum (SC) 187 22 real cate

Table 1: Problem characteristics. Ins is the
number of instances, Feat is that of features,
Orig is real/artificial and Type is categori-
cal/continuous/binary.

the solution, acting as a stop criterion. This
parameter is very difficult to estimate in prac-
tice. To overcome this problem, we let SFFS
to run over all possible sizes d = 1 . . . n, where
n is the size of each data set and set Δ = 0.
This is a way of getting the best performance
of this algorithm. In all cases, a limit of 100
hours computing time was imposed to the ex-
ecutions.
A number of questions are raised prior to the
realization of the experiments:

1. Does the Feature Selection process help to
find solutions of similar or better accuracy
using lower numbers of features? Is there
any systematic difference in performance
for the various classifiers?

2. Does TFS find better solutions in terms
of the objective function J? Does it find
better solutions in terms of the size k?

5.2 Discussion of the results

Performance results for TFS and SFFS are dis-
played in Table 2, including the results ob-
tained with no feature selection of any kind,
as a reference. Upon realization of the results
we can give answers to the previously raised
questions:

1. The feature selection process indeed helps
to find solutions of similar or better accuracy
using (much) lower numbers of features. This
is true for both algorithms and all of the three
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TFS NR SFFS
1NN LDC QDC 1NN LDC QDC 1NN LDC QDC

Jopt k Jopt k Jopt k Jopt Jopt Jopt Jopt k Jopt k Jopt k

BC 0.96 14 0.98 11 0.99 9 0.92 0.95 0.95 0.94 11 0.98 13 0.97 7

IO 0.95 12 0.90 13 0.95 8 0.87 0.85 0.87 0.93 13 0.89 6 0.94 14

SO 0.91 25 0.84 9 0.88 10 0.80 0.70 0.60 0.88 7 0.79 23 0.85 11

MA 0.91 6 0.99 10 0.94 6 0.70 0.71 0.62 0.84 16 0.93 6 0.93 5

SP 0.91 8 n/a n/a n/a n/a 0.78 n/a n/a 0.90∗ 6∗ n/a n/a n/a n/a

SC 0.74 7 n/a n/a n/a n/a 0.64 n/a n/a 0.73 9 n/a n/a n/a n/a

KD 0.70 11 n/a n/a n/a n/a 0.60 n/a n/a 0.68 11 n/a n/a n/a n/a

KN 0.86 14 n/a n/a n/a n/a 0.69 n/a n/a 0.85 12 n/a n/a n/a n/a

HP 0.91 4 n/a n/a n/a n/a 0.82 n/a n/a 0.91 4 n/a n/a n/a n/a

Table 2: Performance results. Jopt is the value of the objective function for the best solution and
k its size. For categorical problems only 1NN is used. Note NR are the corresponding results
with no reduction of features. The results for SFFS on the SP data set (marked with a star) were
the best after 100 hours of computing time, when the algorithm was cut (this is the only occasion
this happened).

TFS SFFS
1NN LDC QDC 1NN LDC QDC

Jeval Time Jeval Time Jeval Time Jeval Time Jeval Time Jeval Time

BC 43,072 3.07 73,118 0.8 88,254 1.33 18,093 1.2 18,360 0.2 18,797 0.37

IO 29,148 0.95 48,207 0.7 65,210 0.97 27,841 0.87 26,997 0.27 27,471 0.55

SO 75,724 1.28 56,794 0.81 51,833 0.76 151,734 2.78 152,798 1.6 154,385 3.02

MA 24,441 0.29 32,792 0.46 14,858 0.21 192,625 2.89 193,789 2.3 197,343 2.7

SP 145,663 45.19 n/a n/a n/a n/a n/a > 100 n/a n/a n/a n/a

SC 9,671 0.031 n/a n/a n/a n/a 7,094 0.017 n/a n/a n/a n/a

KD 24,485 0.547 n/a n/a n/a n/a 71,057 1.87 n/a n/a n/a n/a

KN 74,241 1.90 n/a n/a n/a n/a 51,974 1.29 n/a n/a n/a n/a

HP 5,851 0.007 n/a n/a n/a n/a 3,464 0.005 n/a n/a n/a n/a

Table 3: Computational costs: Jeval is the number of times the function J is called and Time is
the total time (in hours).

classifiers used. Regarding a possible system-
atic difference in performance, the results are
non-conclusive, as can reasonably be expected,
being this matter problem-dependent in gen-
eral [8].

2. In terms of the best value of the objec-
tive function, TFS outperforms SFFS in all
the tasks, no matter the classifier, except in
HP for 1NN, where there is a tie. The dif-
ference is sometimes substantial (more than
10%). Recall SFFS was executed for all possi-
ble final size values and the figure reported is
the best overall. In this sense SFFS did never

came across the subsets obtained by TFS in
the search process (otherwise they would have
been recorded). It is hence conjectured that
TFS can have a better access to hidden good
subsets than SFFS does. In terms of the final
subset size, the results are quite interesting.
Both TFS and SFFS find solutions of smaller
size using QDC, then using LDC and finally
using 1NN. Also SFFS finds smaller size solu-
tions for 1NN, whereas TFS does it both for
LDC and QDC. All this can be checked by
calculating the column totals. TFS gives pri-
ority to optimize the objective function, with-
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Figure 4: Comparative full performance for all k with QDC on the BC data set. The best solutions (those
shown in Table 2) are marked by a bigger circle or square.

out any specific concern for reducing the fi-
nal size, resulting in better values of accuracy.
This fact should not be overlooked, since it
is by no means clear that solutions of bigger
size should have better value of the objective
function and viceversa. In order to avoid the
danger of loosing relevant information, many
times it is better to accept solutions of some-
what bigger size if these entail a significantly
higher value of the objective function. It could
be argued that the conclusion that TFS con-
sistently yields better final objective function
values is but optimistic. Possibly the results
for other sizes are consistently equal or even
worse. To check whether this is the case, we
show the entire solution path for one of the
runs, representative of the experimental be-
haviour found (figs. 4). It is seen that for
(almost) all sizes, TFS offers better accuracy,
very specially at lowest values.

5.3 Computational cost

The computational cost of the performed ex-
periments is displayed in Table 3. It is seen
that SFFS takes less time for smaller sized
problems (e.g. HP, BC, IO and KN), whereas
TFS is more efficient for medium to bigger
sized ones (e.g. SO, MA, KD and SP), where
absolute time is more than an issue. In this
vain, the two-phase interleaved mechanism for
forward and backward exploration seems to

carry out a good neighborhood exploration,
thereby contributing to a fast relaxation of
the algorithm. Further, the setup of the algo-
rithm is made easier than a in a conventional
SA since the time spent at each temperature
value is automatically and dynamically set. In
our experiments this mechanism did not lead
to the stagnation of the process.

The last analyzed issue concerns the distri-
bution of features as selected by TFS. In order
to determine this, a perfectly known data set
is needed. An artificial problem f has been ex-
plicitly designed, as follows: letting x1, . . . , xn

be the relevant features f(x1, · · · , xn) = 1 if
the majority of xi is equal to 1 and 0 other-
wise. Next, completely irrelevant features and
redundant features (taken as copies of relevant
ones) are added. Ten different data samples of
1000 examples each are generated with n = 21.
The truth about this data set is: 8 relevant fea-
tures (1-8), 8 irrelevant (9-16) and 5 redundant
(17-21). We were interested in analyzing the
frequency distribution of the features selected
by TFS according to their type. The results
are shown in Figure 5: it is remarkable that
TFS gives priority to all the relevant features
and rejects all the irrelevant ones. Redundant
features are sometimes allowed, compensating
for the absence of some relevant ones. Aver-
age performance as given by 1NN is 0.95. This
figure should be compared to the performance
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Figure 5: Distribution of features for the Majority data set as selected by TFS.

of 0.77 obtained with the full feature set.

6 Conclusions

A new algorithm for feature selection has been
introduced based on simulated annealing. A
characteristic of TFS over other search algo-
rithms for feature subset selection is its proba-
bilistic capability to accept momentarily worse
solutions. The TFS algorithm has been eval-
uated against the Sequential Forward Floating
Search (SFFS), one of the most reliable algo-
rithms for moderate-sized problems. The fi-
nal subsets generated by TFS in classification
problems in comparative results with SFFS
(and using a number of inducers as wrappers)
show remarkable results, superior in all cases
to the full feature set and substantially bet-
ter than those achieved by SFFS alone. TFS
finds higher-evaluating solutions, both when
their size is bigger or smaller than those found
by SFFS and offers a solid and reliable frame-
work for feature subset selection tasks. As
future work, other cooling schedules can be
tested, that posssibly lead to accelerated con-
vergence [10]. In addition, we plan to use the
concept of thermostatistical persistency [2] to
improve the algorithm while reducing compu-
tational cost.
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