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Abstract. Kernel Machines, such as Support Vector Machines, have
been frequently used, with considerable success, in situations in which
the input variables were real values. Lately, these methods have also been
extended to deal with discrete data such as string characters, microarray
gene expressions, biosequences, etc. In this contribution we describe a
new kernel allowing kernel machines to be applied in problems in which
continuous and discrete variables, described mainly by its order of magnitude, but also by an interval, take part simultaneously. In addition,
the structure of the features space induced by this kernel is also defined
considering the nature of both continuous and discrete variables.

1

Introduction

Machine learning algorithms based on kernel functions (Kernel Machines) have
been frequently used, with considerable success, in situations in which the input
variables were real values. Polynomial and exponential kernels, including Gaussian kernels, are the most used in this kind of data. Implicitly, when a kernel
function is employed, input variables from the original space are projected onto
a different space, usually with a higher, even infinite, dimension, whose metric
replaces the metric in the original input space. This projection is usually carried
out in order to transform a non-linear problem into a linear one. This working
space, called features space, is usually omitted during the training process, because it is not explicitly required to know either its structure, or its dimension.
A direct classification or regression processing into a high dimension space is
computationally expensive, so a projection mapping allowing us to work in this
space in an implicit manner is a very appealing behaviour on using kernels.
Moreover, the projection of the original data in the input space into a different space, enables these learning machines to be used in situations where
input variables belong to a space without an Euclidian metric, because it is only
necessary to enclose a certain metric in the features space. This circumstance
has motivated the use of these algorithms in the cases where variables are not

real numbers, but string chains, images, protein chains or genes. On these occasions, the procedure implemented is to define a designed features space and a
projection mapping, through which the appropriated kernel is developed.
Following this procedure, in a similar form to [1] for the string kernels, a
kernel is proposed in this article to be used when only information about the
order of magnitude of the variables implied in the problem is available. Next, it
becomes obvious that this kernel converges on the continuous exponential kernel
when the granularity of the discrete kernel tends to infinity, it being possible to
apply this function both to real value and intervals. This relation will allow the
defined kernel to be used in learning problems when continuous real data, orders
of magnitude or intervals simultaneously appear.
In section 2, the kernel concept is introduced, in addition to, two different features spaces associated with continuous variables, a Reproducing Kernel Hilbert
Space (RKHS) and another one associated with the Hilbert space L2 (IR) with
the usual inner product. This last features space allows a generalization of the
interval space which it is also introduced in this section. In section 3, the Qualitative Space of the Absolute Orders of Magnitude is briefly introduced and a
suitable kernel is obtained to deal with data in this space. Section 4 is devoted
to demonstrating the relationship between this function and those defined in
section 2. Finally, some conclusions are extracted and a list of further research
topics to be developed is enumerated.

2

Kernel Functions

Some learning machines, such as Support Vector Machines (SVM), can deal with
a dual formulation of the learning problem [2]. In this dual approach, the decision
function sought can be expressed by the inner product of the input data and the
training patterns. In the linear case, the discriminant function can be written
as,
l
X
f (x) =
αi · yi · hxi , xi + b
(1)
i=1

where {xi , yi } are, respectively, the input variables and the known class of the
training patterns.
If a new representation of the patterns’ attributes, X , in a new space is
employed, F = φ(X ), the so-called features space, the originally non-separable
problem can be converted into a separable one. The discriminant function will
be linear in F, even if it is not in the original space,
f (x) =

l
X

αi · yi · hφ(xi ), φ(x)i + b

(2)

i=1

The dual formulation allows the double step procedure of maps φ and the
inner product to be replaced by the function K(xi , xj ) = hφ(xi ), φ(xj )i which is

called the kernel function. Hence, the discriminant function will be,
f (x) =

l
X

αi · yi · K(xi , x) + b

(3)

i=1

When the attributes’ space X is a finite space, X = {x1 , x2 , . . . , xn }, function K is determined by the square matrix, K = (K(xi , xj ))ni,j=1 . A necessary
condition to assure that this function is a suitable kernel, i.e. it represents an
inner product in a certain unknown features space, is that matrix K must be
symmetric and semi-definite positive, i.e. their eigenvalues are not negative. This
is because if a certain negative eigenvalue exists, then the squared norm of some
vector in the features space would be negative. In general, a symmetric function
K defined in X × X ∈ IRn × IRn is a kernel if the Mercer condition is met,
Z
K(x, z)f (x)f (z)dxdz ≥ 0 ∀f ∈ L2 (X )
(4)
X ×X

where L2 (X ) is the Hilbert space of the squared integrable functions in X . It
can be demonstrated that this condition is equivalent to showing that for any
finite subset of X , the associated matrix K is symmetric semi-definite positive.

2.1

The RKHS Features Space

A fixed kernel does not univocally determine the representation of either the
map φ, or the features space F. One of the possible features space that can be
associated with a fixed kernel is the so-called Reproducing Kernel Hilbert Space
(RKHS). This space is a subset of the whole set of the real functions defined on
X , which will be called RX [3]. It is built from the map φ,
φ : X → IRX
x → K(·, x)

(5)

i.e. for any value x ∈ X , there exists a map from X to IR defined on the kernel
K.
the complete set of all the maps of IRX in the form f (·) =
PmThe RKHS is P
m
i=1 αi φ(xi ) =
i=1 αi K(·, xi ), with m ∈ N and x1 , ...xm ∈ X , that is,
the functions space in IRX being a linear combination of the maps φ(xi ), with
xi ∈ X . Each element in this space is determined by a finite set of real numbers (α1 , α2 , ..., αm ), not being necessarily unique because {φ(x1 ), φ(x2 ), ..., } are
generally not linearly independents. In this space, the inner product is defined
in the following manner. Let f, g ∈ RKHS be two functions in the form,
f=

m1
X
i=1

αi · k(·, xi ) g =

m2
X
i=1

βi · k(·, xi )

(6)

then,
hf, gi =

=

m1 X
m2
X

αi · βj · K(xi , xj )

i=1 j=1
m2
X

m1
X

j=1

i=1

βj · f (xj ) =

(7)

αi · g(xi )

Equations 6 and 7 show that, although scalar numbers αi and βi are not
univocally defined, the inner product is well defined. It is easy to demonstrate
that this definition satisfies,
hφ(xi ), φ(xj )i = K(xi , xj )
2.2

(8)

A features space associated with the Hilbert space L2 (IR) with
the usual inner product

The RKHS is only a possible features space. However, it is the most usual associated with any kind of kernel. A different methodology to built a features
space associated with real values will be described below. In this case, inversely
to the RKHS construction method, the features space F will be built not having
the kernel as starting point. Nevertheless, it will be demonstrated that, by using
this methodology, it is possible to reproduce some well-known kernels, such as
the Gaussian one. The proposed features space will subsequently be related to
a kernel defined on the Absolute Orders of Magnitude space.
Definition 1. Let φ : IR → L2 (IR) be a map such that φ(x0 ) = fx0 ,σ (x), with
fx0 ,σ (x) = Fσ (|x − x0 |) = Fσ (z), F being a decreasing function with respect
to z = |x − x0 | in IR+ , with Fσ (x0 ) = 1. Let σ be a parameter or a set of
parameters. Then, function fx0 ,σ (x) will be called influence function.
So, the proposed features space is in L2 (IR) and it is composed of a set
of functions fx0 ,σ (x) reflecting the influence of x0 on x. This function will be
symmetric with respect to x = x0 and its value decrease along the influence of
x0 on x decrease.
The kernel is now defined by using the usual inner product in L2 (IR),
Z ∞
K(xi , xj ) = hφ(xi ), φ(xj )i =
fxi ,σ (x)fxj ,σ (x)dx
(9)
−∞

Let us illustrate the use of the influence function by definingb four possible exemples, hard, triangular,exponential, and Gaussian influence functions.
Graphics in Figure 1 illustrate the shape of these functions. The shaded areas
represent K(xi , xj ) for two particular values of xi and xj . Graphics on the right
show K(xi , xj ) in front of |xi − xj | for each of the four cases.
Example. For the hard influence function

 1 if |x − x0 | ≤ σ
fx0 ,σ (x) =
(10)

0 otherwise

Fig. 1. Four different influence functions. On the left, hard and triangular, and on the
right, exponential and Gaussian are represented. The interpretation of the associated
kernel for two fixed values xi and xj is also illustrated (the area of shaded zone). On
the right of each one, K(x0 , x0 + x) is represented according to x.

the associated kernel is

K(xi , xj ) = hφ(xi ), φ(xj )i =


 2σ − |xi − xj | if |xi − xj | ≤ 2σ


0

(11)

otherwise

For the triangular influence function
 σ−|x−x |
0

if |x − x0 | ≤ σ
σ
fx0 ,σ (x) =

0
otherwise
the associated kernel will be

−6|xi −xj |2 σ+3|xi −xj |3 +4σ 3

if |xi − xj | ≤ σ

6σ 2




3
j |)
K(xi , xj ) = (2σ−|xi −x
if σ < |xi − xj | ≤ 2σ
6σ 2






0
otherwise

(12)

(13)

For the Gaussian influence function
fx0 ,σ (x) = e−

(x−x0 )2
σ2

(14)

the kernel will be
r
K(xi , xj ) = σ

π − (xi −x2j )2
2σ
e
2

(15)

And, finally, for the exponential influence function
fx0 ,σ (x) = e−

|x−x0 |
σ

(16)

the kernel will be
K(xi , xj ) = (|xi − xj | + σ) · e−

|xi −xj |
σ

(17)

In the third case, the well-known Gaussian kernel is obtained in a different
form from the standard use of the RKHS. In any case, the features space generated for the Gaussian kernel is also composed of Gaussian functions. However,
in the case introduced, the width is smaller. This third example is, on the other
hand, a new demonstration that the Gaussian function is effectively a kernel.
2.3

A Features Space for Intervals

Let I(IR) be the set of all the intervals on IR,
I(IR) = {[a, b] | a ∈ IR, b ∈ IR, a ≤ b}

(18)

Definition 2. Let φ : I(IR) → L2 (IR) be a map defined in such a way that
φ([a, b]) = f[a,b],σ (x) where f[a,b],σ (x) = fa,σ (x) if x < a, f[a,b],σ (x) = 1 if
a ≤ x ≤ b, and f[a,b],σ (x) = fb,σ (x) if x > b, for some influence function fx0 ,σ .
For instance, if the exponential influence function is used, then
 − |x−a|
e σ if x < a





if a ≤ x ≤ b
f[a,b],σ (x) = 1




 − |x−b|
e σ if x > b

(19)

By using the exponential function it is possible to express f[a,b],σ (x) as
f[a,b],σ (x) =

fa,2σ (x)fb,2σ (x)
fb,2σ (a)

(20)

This new expression make the calculation of the matrix K easier , because,
Z ∞
fa,2σ (x)fb,2σ (x)fc,2σ (x)fd,2σ (x)
K([a, b], [c, d]) =
dx
fb,2σ (a)fd,2σ (c)
−∞
Z ∞
|x−a|+|x−b|+|x−c|+|x−d|
2σ
=A·
e−
dx
(21)
−∞

where
A=

1
fb,2σ (a)fd,2σ (c)

(22)

In Figure 2 the shape of the image of an interval according to the map φ
defined above can be observed. The shaded area corresponds to the value of the
kernel for two fixed intervals. In the same figure, the value of K([0, 1], [x, 1 + x])
with respect to x is also represented. It can be appreciated how K diminishes
when distance between intervals increases.

Fig. 2. Left. Representation in the features space of two intervals Ii andShaded area
represents K(Ii , Ij ). Right. Representation of K([0, 1], [x, x + 1]) w.r.t. x.

3

Absolute Orders of Magnitude Model

One of the objectives of Qualitative Reasoning is to deal with problems in such
a way that the relevance principle is conserved [4] , i.e., each variable involved
in the problem is valued with the required level of precision. For this reason, the
absolute orders of magnitude models [5] [6] work with a finite set of symbols or
qualitative labels obtained via a partition of the real line, where any element of
the partition is a basic label. These models provide a mathematical structure,
which unifies sign algebra, and interval algebra trough a continuum of qualitative structures built from the rougher to the finest partition of the real line. In
particular, the Absolute Orders of Magnitude Model of granularity n, OM (n), is
defined by a symmetric partition of the real line in 2n + 1 classes, from the real
numbers {−an−1 ..., −a1 , 0, a1 ..., an−1 }. Each class is called a basic description
or basic element, and is represented by a label of the set S1 ,
S1 = {Nn , Nn−1 , ...N1 , 0, P1 , ..., Pn−1 , Pn }

(23)

where

Nn =] − ∞, −an−1 ], Ni =] − ai , −ai−1 [, N1 = [a1 , 0[,
0 = {0},
P1 =]0, a1 ], Pi =]ai−1 , ai ], Pn =]an−1 , +∞[

(24)

Usually a linguistic label is associated with each of these classes, for instance
small positive, medium positive, etc. Finally, this set is extended with all the
possible convex subsets of the real line defined from the basic elements. So, the
Quantity Space, S, is obtained by considering all the labels of the form,
I = [X, Y ] ; ∀X, Y ∈ S1 with X < Y,

(25)

where X < Y represents x < y ∀x ∈ X, ∀y ∈ Y .
An order relationship, ≤P , is defined in S, to be more precise than, given that
X, Y ∈ S, X is more precise than Y , X ≤P Y if X ⊆ Y . From this relationship,
the concept of base of a qualitative label can be defined ∀X ∈ S − {0}, as the
set BX = {B ∈ S1 − {0} | B ≤P X}. That is to say, BX is composed of all the
non-null basic labels contained X. On the other hand, the qualitative equality
or q-equality is defined on pairs X, Y ∈ S, X ≈ Y if X ∩ Y 6= ∅. This qualitative
equality reflects the possibility that labels X and Y represent the same value.
The kernel construction will be induced from the concept of remoteness [7],
Definition 3. Given a fixed U ∈ S, the remoteness with respect to U is defined
as the map aU : S → IN which for all X ∈ S, aU (X) = Card(BXU )−Card(BX ).
Remoteness represents the number of non-null basic labels that had to be
added to label X to obtain an element qualitatively equal to basic label U . The
remoteness concept allows the map φ : S → F ⊆ [0, 1]2n to be defined in the
following form,
Definition 4. Given X ∈ S − {0}, and λ ∈ [0, 1],
φ(X) = (λaNn (X) , ..., λaPn (X) )
.
This application reflects the global positioning of a qualitative label with
respect to all the basic ones. The decay factor λ will produce that an increase
in the remoteness between labels causing a diminution of the corresponding
component.
The defined mapping φ permits us to build a kernel in the qualitative space
of orders of magnitude in the following way, K(X, Y ) = hφ(X), φ(Y )i where h·, ·i
is the usual inner product in IR2n . This construction is directly extensible to a
k-dimensional qualitative space [OM (n)]k to be used when patterns are given by
k descriptions. In such a case, map φ will be a function φ : S k → F ⊆ [0, 1]2nk .
For X = (X1 , . . . , Xk ) ∈ S k , φ(X) = (φ(X1 ), ..., φ(Xk )).

4

Continuous limit of the Kernel in OM (n)

The features space F associated with the qualitative labels space S, defined in
the past section, can be considered like a functions space, where functions are

in the form fλ,X0 : S1 − {0} → [0, 1]. Hence,
φ(X0 ) = fλ,X0 (X) = λaX (X0 )

(26)

with X ∈ S1 − {0} and X0 ∈ S − {0}.
Function fλ,X0 (X) can be considered as an influence function, like these
introduced in subsection 2.3. It can be represented by associating each qualitative
label X with a rectangle height λaX0 (X) . In this manner, to apply the kernel to
a pair of qualitative labels X1 and X2 is the same that adding the areas of the
rectangles obtained by all the possible products of the highs of the rectangles
associated with the basic labels in φ(X1 ) and φ(X2 ).
In Figure 3 the representation of the influence function for the non-basic
labels [N2 , N1 ] and [N1 , P1 ] is illustrated, together with their inner product
hφ[N2 , N1 ], φ[N1 , P1 ]i in the qualitative space OM (3).
If it is considered that ai+1 − ai = ∆, a constant ∀i, and it is denoted xi the
midpoint of the basic label Xi , it can be written as,
φ(X0 ) = fλ,X0 (X) = λ

|x−x0 |
∆

with X ∈ S1 − {0}

(27)

This influence function can be related to those of the exponential function in
Example 1, by using the equivalence,
σ=−

∆
lnλ

(28)

Fig. 3. Top. Representation in the features space of a pair of qualitative labels [N2 , N1 ]
and [N1 , P1 ]. Bottom. Shaded area represents K([N2 , N1 ], [N1 , P1 ]).

5

Conclusions and Further Work

A new methodology to obtain kernel functions has been proposed. It allows us to
deal with either continuous variables, orders of magnitude, or those defined on
real intervals. These kernels are obtained via a mapping from the original data set
to the Hilbert space L2 (IR) with the usual inner product. In this manner, by using
a Gaussian function, it is possible to reproduce the standard Gaussian kernel. A
special case, the exponential function, has been pointed out because it has been
demonstrated that it corresponds to the continuous limit of a kernel defined
in the qualitative space of the absolutes orders of magnitude. The relationship
obtained opens up a new challenge to develop learning methods based on kernels
to be applied when data are simultaneously expressed in non-standard form, such
as intervals, orders of magnitude, and real values.
Future work must be done about the definition of new concepts to measure
the degree of remoteness between qualitative labels. Also, it is necessary to design
procedures to chose different parameters of the decay parameter λ, depending
on the length of the intervals defining basic labels.
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