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Abstract. This work contributes to the design and understanding of
similarity and dissimilarity in AI, in order to increase their general util-
ity. A formal definition for each concept is proposed, joined with a set of
fundamental properties. A main basis of results are compiled by appli-
cation of transformation functions. The behavior of the properties under
the transformations is studied and revealed as an important matter to
bear in mind. Some examples try to illustrate the proposed framework.

1 Introduction

Similarity and dissimilarity are two widely used concepts in Artificial Intelligence
(AI). They appear in many fields like Case Based Reasoning [9], Data Mining [6],
Information Retrieval [1], Pattern Matching [14] or Fuzzy Logic [15]. In a general
sense, similarity and dissimilarity express a comparison between two elements.
Unfortunately, due to this vague definition, there can be different formalizations
of similarity and dissimilarity in the literature. Another significative characteris-
tic is the duality present between similarity and dissimilarity, as opposite terms
but somehow interrelated. This duality extends also to properties, which could
be very useful if properly exploited. Thus, every property of a similarity should
have a correspondence with one property of a dissimilarity and viceversa.

Several authors have tried to formalize these concepts but main properties are
still under discussion [13,2,11]. This lack of basic common theory sometimes leads
to incompatible definitions or results focused on an specific kind of similarities or
dissimilarities. Duality is commonly ignored as well as some annoying properties
(e.g. transitivity) and there are few studies about how transformations of a
similarity or dissimilarity can alter their properties.

Therefore, it is fundamental to formalize a definition of both concepts, their
main properties, the definition of duality and how they change upon transforma-
tions. There is few related work, based on Information Theory [7]. The present
contribution extends this formalization of similarity and dissimilarity in two
main points. First, with a extended basic formal definition of similarity and dis-
similarity and a set of fundamental properties and transformations adaptable



to Al fields other than Information Theory. And second, with a study of how
this transformations change the properties of the similarities and dissimilarities.
The objective of this paper is to point out the significance of setting up a basic
framework capable to embrace most of the different theories in order to adapt
results from other fields.

The following section introduces the formal definition of similarities and dis-
similarities, whereas section 3 and section 4 define the two main transformations
between similarities and dissimilarities and their duality. In order to illustrate
the approach, in section 5 we introduce some practical examples of similarities,
dissimilarities and transformations.

2 Definition

In a general sense, similarity and dissimilarity express the degree of coincidence
or divergence between two elements of a reference set. Therefore, it is reasonable
to treat them as functions since the objective is to measure or calculate this
value between any two elements of the set. In this section, we introduce similarity
and dissimilarity functions with their properties as well as further notation. For
conciseness, we define similarity and dissimilarity functions at the same time.
Note the few but fundamental differences between them.
A similarity function is defined as follows:

Let X be a non-empty set where there is defined an equality relation =. Let
s be a function

s: XxX —IL,CR (1)

Assume that s is upper bounded, exhaustive and total. This implies that I, is
upper bounded and also that supI, exists’.

R
A dissimilarity function is defined as follows:
Let ¢ be a function
0: XxX —IsCR (2)

Also assume that ¢ is lower bounded, exhaustive and total. In this case, Ij is
lower bounded and i%f I5 exists.
Define s,,4: = suply and define d,,;, = iﬁf I,. Without loss of generality,

R
consider Sp,q,; > 0 and d,,;, > 0. In any other case, a non-negative maximum

or minimum can be obtained applying some transformation (e.g. s + |Smaz|)-
Functions s and § may be required to satisfy the following axioms, for any
x,y,z € X:

Property 1 (Reflexivity)
s(z,x) = Smaz. This implies sup I € I.
R

0(x, ) = Omin- This implies iﬁf Is € Is.

! In this document we only focus on similarities and dissimilarities whose images are
subsets of R. For a more general view see [10].



Property 2 (Strong reflexivity)
S('Thy) = Smaz < T = y.

X
0(z,y) = Omin =z =y.

Property 3 (Symmetry)
s(z,y) = s(y, ).
6(z,y) = d(y, x).

Property 4 (Boundedness)
A similarity s is lower bounded when Ja € R such that s(z,y) > a, for all
x,y € X. This is equivalent to ask that i%f I, exists.

A dissimilarity § is upper bounded when Ja € R such that 6(x,y) < a, for all
x,y € X. This is equivalent to ask that sup I5 exists.
R

Property 5 (Closedness)
Given a lower bounded function s, define Spmin = i%f I;. The property ask for

existence of x,y € X such that s(x,y) = Smin. This is equivalent to ask that
i%f I € I.

Given an upper bounded function §, define dqr = sup Is. The property ask for
R

existence of x,y € X such that §(x,y) = dmas. This is equivalent to ask that
sup Is € I;.
R

Consider now a function C' : X — 2% . Each one of the elements in 2% will
be called a complement of x.

Property 6 (Complement) A lower closed similarity s defined in X has com-
plement function C, where C(z) = {2’ € X/s(z,2") = Smin}, if Vo, 2’ € X,
|C(z)] = |C(2")| # 0. An upper closed dissimilarity § defined in X has com-
plement function C, where C(z) = {2’ € X/é(x,2') = Omaz}, if Yz, 2’ € X,
|C(2)| = [C(2")] # 0.

Moreover, if s or 6 are reflexive, necessarily x ¢ C(x). On the other hand,
s or § have unitary complement function if Yo € X, |C(x)| = 1. In this case,
Vo e X:

For similarities:  s(x,y') = Smaz <=y’ € C(y),y € C(x)
For dissimilarities: 6(x,y') = dmin <= vy’ € C(y),y € C(x)

Let us define a transitivity operator in order to introduce transitivity in sim-
ilarity and dissimilarity functions.

Definition 2.1 (Transitivity operator) Let I be a non-empty subset of R,
and let e be a fixed element of I. A transitivity operator is a function 7 : I xI —
1, satisfying the following properties, for all x,y,z € I:

1. 7(x,e) =z (null element)



2. y<z=71(x,y) <7(x,2) (non-decreasing monotonicity)
3. 7(0y) = (,) (symmetry)
4. (x,7(y,2)) = 7(7(2,9), 2) (associativity)

This definition is coincident with the uninorms [4] when I = [0, 1]. There are
two groups of transitivity operators: similarity transitivity operators and dissim-
ilarity transitivity operators. The difference between them is that the former has
Smaz @5 1ts null element whereas 6,,;, is the null element of the latter.

Property 7 (Transitivity)
A similarity s defined on X is Ts-transitive if there is a transitivity operator T
such that the following inequality holds:

s(z,y) > 1s(s(x, 2),8(z,y)) Va,y,z€ X (3)

A dissimilarity 6 defined on X is T5-transitive if there is a transitivity operator
Ts such that the following inequality holds:

0(x,y) < 715(s(w,2),8(2,y)) Va,y,z€ X (4)

With all these properties we define similarity and dissimilarity functions:
A similarity in X is a function s satisfying strong reflerivity and symmetry.
Analogously, a dissimilarity in X is a function ¢ satisfying strong reflexivity
and symmetry. It is easy to prove that strong reflexivity implies reflexivity and
transitivity [8].

In this document, the following notation is used: call X'(X) the set of all sim-
ilarity functions defined over elements of X, call A(X) the set of all dissimilarity
functions defined over elements of X. Let us introduce a pair of simple examples
of these functions.

Example 2.1 Let X = Z, and let s a function defined in X :

_ |z —yl

Where I are all the rational numbers on (0,1]. Therefore, sup Iy = 1 and i%f I, =
Q

0. Equality = is taken in the usual sense in 7.

This function satisfies reflexivity, symmetry and strong reflexivity axioms.
Moreover, it is lower bounded (with Spin = 0), although it is not lower closed. For
this reason, it does not have complement. Also, it fulfills transitivity, expressed
as follows:

s(2,) > max{s(z, 2) + s(2,9) — 1,0} (6)

Example 2.2 Let X be the set of polygons with n or less vertices, where n > 3.
Consider the relation =y as “x has the same number of vertices than y”. Let
us define the following dissimilarity

0 ife =y

o(z,y) = 1 ;
’ n—|#vertices(x)—F#vertices(y)|—2 otherwise




Where Is = {—— |2 < ng < n — 1} U{0}. This dissimilarity has the following

n—mno
properties? :

— Strong Reflexivity and Symmetry. The dissimilarity is the minimum (i.e.
Omin = 0) only for elements having the same number of vertices. Symmetry
18 trivial.

— Upper boundedness and closedness. Given that, for a fized number n (n > 3)
the dissimilarity between a triangle and a polygon of n vertices is dpmar = 1,
this dissimilarity is closed and upper bounded.

— Complement. However, the set C(x) is empty for those polygons with number
of vertices greater than 8 and lower than n. For the rest, for all x € X such
that #vertices(zx) € {3,n}:

C(z)={2' € X |#vertices(z') = |n + 3 — #vertices(x)|}

Therefore, this dissimilarity does not have complement function.
— Transitivity. Only fulfilling strong reflexivity and symmetry, this dissimilarity
is transitive for the following operator, for oll x,y,z € X :

0(x,2) - 6(z,y)
M Y) S S o0y — (1= 2) - 0(z.2) - 0(.)

3 Equivalences and Transformations

In the following section we introduce a set of functions that allow us to obtain
equivalent similarities or dissimilarities, and to transform a similarity function
onto a dissimilarity function and viceversa. All this leads to the concept of duality
between similarities and dissimilarities.

3.1 Equivalence Functions

Consider the set of all ordered pairs of elements of X and denote it X x X. For
a fixed s € X(X), there is a preorder relation in X x X. This preorder is defined
as to belong to a class of equivalence with less or equal similarity value. This
preorder in X x X depends on s because it is induced by s.

Definition 3.1 Given X and s € X(X), there exists a preorder, denoted by <
in X x X, defined, Vo,y, 2",y € X, as follows.

(z,9) = (') <= s(z,y) < s(2,y)

Analogously, given § € A(X), there exists a preorder in X x X defined as to
belong to a class of equivalence with less or equal dissimilarity value. Again, this
preorder is induced by . Recall that

(z,y) =X (w,2) A (w,2) < (z,y) does not imply x ZwA y e

2 This dissimilarity does not reflect the usual concept of similarity in geometry. It is
only for illustrative purposes.



Using these concepts, the definition of equivalence between similarities and
equivalence between dissimilarities is introduced.

Definition 3.2 (Equivalent similarities/disimilarities) Two similarities (dis-
similarities) with the same reference set X are equivalent if they induce the same
preorder in X x X.

Note that the equivalence between similarities or between dissimilarities is
an equivalence relation.

The properties of similarities and dissimilarities are kept under equivalence,
except boundedness.

Proposition 3.1 Given two equivalent similarities s1,s2 € X(X) or two equiv-
alent dissimilarities 01,62 € A(X),

— 81 (1) is reflexive only if so (02) is reflexive.

— 81 (01) is strong reflexive only if so (02) is strong reflexive.

— 81 (01) is symmetric only if so (d2) is symmetric.

— s1 (01) is lower closed (upper closed) only if s (92) is lower closed (upper
closed ).

— 81 (61) has (unitary) complement only if s (02) has (unitary) complement,
with the same complement function.

— 81 (01) is transitive only if s2 (92) is transitive.

Proof. The proof can be found in [8].

Recalling Definition 3.1 it is easy to see that only the monotonically increasing
and invertible functions keep the preorder induced. In this sense, we define an
equivalence function that allows us to get equivalent similarities or dissimilarities.

Definition 3.3 (Equivalence function) Let sy be a similarity and 61 be a
dissimilarity. An equivalence function is a monotonically increasing and invert-
ible function f such that sy = fo s1 1s a stimilarity on X X X equivalent to s1.
Analogously, do = f 0 81 is a dissimilarity on X x X equivalent to ;.

Furthermore, if 71 is the transitivity operator of s1 (or 01), then the transi-
tivity operator of so (or 02) is given by the following expression:

72(a,b) = f(ra(f " (a), f 1 (D)) (7)

Therefore, any composition of an equivalence function and a similarity (or
dissimilarity) function is another similarity (or dissimilarity) function, which is
also equivalent.

Let us introduce a special set of similarities and dissimilarities. Denote X*(X)
the set of similarities defined on X with codomain on [0,1] and denote A*(X)
the set of similarities defined on X with codomain on [0,1]. Denote f* the subset
of equivalence functions such that its domain or its codomain is [0,1]. Using
these functions, we have a way to get equivalent similarities or dissimilarities on



2*(X) using similarities or dissimilarities on X(X) and viceversa. Thus, defining
properties of similarities and dissimilarities on X*(X) and A*(X) is the same
that defining them on X(X) and A(X). The important reason to do this is
that there is a lot of previous work on functions in [0,1] that we can adapt to
similarities and dissimilarities [12,5].

3.2 Transformation Functions

Equivalence functions allow us get new similarities from other similarities or
new dissimilarities from other dissimilarities, but not to change between the
former and the latter. Consider the previous sets X* and A*, with similarities
and dissimilarities defined on [0,1]. Next definitions introduce the concept of
transformation function between similarities and dissimilarities.

Definition 3.4 (Transformation function on [0,1]) A transformation func-
tion 7 is a decreasing bijection on [0,1]. This implies the following:

— 7(0) =1 and n(1) = 0. These are called limit conditions.
— 1 is continuous on [0,1].
— 7 has inverse on [0,1].

A transformation function is involutive if A~! = 7.

Note that this definition is restricted to similarities and dissimilarities in
X*(X) and A*(X). However, using that both f* and 7 are bijections an analog
transformation function between elements of X'(X) and A(X) is the composition
of two or more functions in the following way:

Definition 3.5 (Transformation function) A transformation function (de-
noted f) is defined as a composition of two equivalence functions and a trans-
formation function on [0, 1].

f=fionof;

Where 1 is a transformation function on [0,1], fl* gets an equivalent similarity

or dissimilarity on X(X) or A(X) whereas f§ gets an equivalent similarity or
dissimilarity on X*(X) or A*(X).

4 Duality

As it has been seen along this paper, similarity and dissimilarity are two in-
terrelated concepts. In fuzzy theory [5], t-norms and t-conorms are dual with
respect to the fuzzy complement. In the same sense, similarity and dissimilarity
functions are dual with respect to some transformation function.



Definition 4.1 (Duality) Given s € X (X), 6 € A(X) and a transformation
function f. We say that s, are dual by means of f if

§=7fos (8)
or the equivalent form A
s=f"1od 9)
This duality is expressed by the triple < s, 6,f >.

Theorem 1. Given a dual triple < s, §,f >, it is true that

— ¢ is strongly reflexive only if s is strongly reflexive.

— & is closed only if s is closed.

— 0 has (unitary) complement only if s has (unitary) complement.

— 0 is Tg-transitive only if s is Ts-transitive, where 75 can be defined by means
of Ts

rs(z,y) = f(rs(f (@), F () (10)
Proof. The proof can be found in [8].

Via this duality we can define properties or theorems on similarities which
are immediately applicable also to dissimilarities, or viceversa. A general view
of all the functions and sets appeared so far is represented in figure 4.1.

Fig. 4.1. Graphical representation of equivalence (f) and transformation (f) functions
in X and A.

5 Examples

Let us introduce some illustrative examples. Two equivalent similarities or two
equivalent dissimilarities fulfill almost the same properties. The exception is the
bound property which depends on the equivalence function chosen. Although
transitivity is always kept, the operator that holds the property is also dependent
on the equivalence function applied.



Example 5.1 A metric dissimilarity 61 € A(X) is symmetric, bounded and
fulfills the triangle inequality. If we apply the function f(z) =1—2z to d2 we get
a similarity s1 Ts, -transitive (i.e. 75, (a,b) = a+b—1). However, if we apply the
function f(z) =22 to & we get a dissimilarity but not a metric.

Besides, if we apply f to s1, we get a similarity with a transitivity stronger
than s1. Since
(a+b—1)% > (a)* + (b)* - 1

then T, 1O 7, . Simplifying we get:
ab+1>a+b

This is always true if a,b € [0,1]. Denote so to this new similarity.
Now consider the following dissimilarity:

(52:].—81

Which is the relation between 61 and 6o ? Obviously do = fg 0d1 =6(2—461).
However, if 75, 1 Ts,, which is the relation between 7s, and 75, ? Using that fg 18
subadditive we state that 75, 1 7s,, this is 75, is stronger than 7s5,. This means
that 9 is also a metric dissimilarity.

In the next table are collected the similarities and dissimilarities described
here and their respective transitivity operators.

1 (z,y) = [z -yl

75, (a,b) = min{a + b,1}
si(,y) = 1|z —y|

75, (a,b) = max{a +b— 1,0}

s2(z,y) =1+ (x—y)* -2z —y|

Tso aab) - (\/a+\/571)2
O2(z,y) =20z —y| - (z —y)*

7s5,(a,0) =1 — (VI —a++v1—b—1)2

Figure 5.2 illustrates all the process.

This behavior of transitivity and how it is affected by the equivalence and
transformation functions is an interesting field of study. Some works have been
previously done in this sense using metrics (preservation of metric properties) [3]
and uninorms (gradation of transitivity operators). In this case, similarity and
dissimilarity unify both fields in a general view of preservation of transitivity
using equivalence functions. This transformation of transitivity can be used, for
example, to get a metric dissimilarity from a non-metric one. In the following
example we compare the structure of two trees with a non-metric dissimilarity,
applying an equivalent function we get an equivalent and metric dissimilarity
function.

Example 5.2 Consider a dissimilarity function between binary trees. It does
not measure differences between nodes but the structure of the tree. First, let us



o 1 1 1 1 1
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Fig.5.3. A simple coding of binary trees. The reason of going bottom-up is to have
the less significative digits close to the root of the tree. The choice of making the left
nodes more significant than the right ones is arbitrary. @ represents the empty tree.

describe a tree coding function D. It assigns a unique value for each tree, this
value is first coded as a binary number and later interpreted as a natural number,
and contains 2" —1 bits, where h is the height of the tree. The value is calculated
such that the most significant bit corresponds to the leftmost and bottommost
tree node (see figure 5.3). Note that D is not a bijection, since there are numbers
that do not code any valid binary tree.

Consider now the following dissimilarity function, where A and B are binary
trees; @ represents the empty tree and its value is 0.

max(g(—gg,%) if A#® and B # ©
D(4A) ifA#© and B=0©
D(B) if A=@ and B # ©

This a strong reflezive, symmetric, unbounded dissimilarity defined on [1, 400)
with dmin = 1. If we impose a limit to the height of the trees (call it H), then §
oH_1
is upper bounded and closed with dpmar = > 2°.
i=0

It is also transitive with the product operator (which is a dissimilarity tran-
sitivity operator on [1,4+00)3). The following inequality is always true for any

3 The product with elements on [1,+0c0) is an associative, symmetric, monotonically
non-decreasing function with 1 as null element.



three trees A, B, C.

If A, B and C are not the empty tree, substituting in the previous expression and
operating with max and the product we get:

< max

D(A) D(B)
) D(B)* D(A)-D(B)’ D(C)? 7’ D(A)

D(A D(C)? D(A)-D(B) D(B
maX(D(B)’D(A) ( (A) ) (A)-D(B) ())

This is trivially true.

If A = @, then the inequality is D(B) < max (D(B), %((CB);) which is trivially
true. It is also true for B =@ or C = @. This ends the proof.

If we apply the following equivalence function f(z) = logz to § we get an
equivalent dissimilarity function §' = fo 0. By Proposition 3.1 the properties of
0 are kept in 6'. However, the transitivity operator is changed using Expression 7,
as 75 (a,b) = a+b. Therefore, we have a metric dissimilarity function over trees

and fully equivalent to the initial choice of J.

6 Conclusions

The main goal of this paper has not been to set up a standard definition of
similarity and dissimilarity, but to establish some grounds on the definition of
these widely used concepts. Also we have tried to set up fundamental transfor-
mations in order to keep the basic properties. However, a deeper study has to
be done about the effects of transformations, specially in transitivity (e.g. which
transformations do keep the triangle inequality) and more complex matters, like
aggregation of different measures into a global one. There is a lot of work done
in Fuzzy Theory or Information Retrieval that can be adapted to this framework
and, therefore, adapted in turn to other Al related fields. Due to the many fields
of application these concepts are involved with, the study of their properties can
lead to better understanding of similarity and dissimilarity measures in many
areas of AI. We think this paper can be useful as a formal basis to a wider and
deeper study of similarity and dissimilarity theory.
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