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Abstract.

This article describesa new system for learning rules using rotated
hyperboxesasindividualsof a geneticalgorithm (GA). Our methodattempts
to find out hyperboxesat any orientationby combining deterministichill-

climbing with GA. Standardtechniquessuchas C4.5, use hyperboxeshat
are aligned with the coordinateaxes. The systemusesthe decisionqueue
(DQ) as methodof representinghe rule set. It means that the obtained rules
must be applied in specific order, that is, an example will be classify by the i-rule
only if it doesn't satisfy the condition part of the i-1 previous rules. With this
policy, the numberof rulesis lessbecausehe rules could be one inside of
anotherone. We havetestedour systemon real datafrom UCI repository.
Moreover, we have designedsome two-dimensionalartificial databaseso
show graphically the experiments.The resultsare summarizedin the last
section.

1 Introduction

Supervised learning (SL) is usethenthe datasampleshaveknown outcomeghat
the userwantsto predict. This type of learningis the more commonform because
dataare usually collectedwith someoutcomein mind. Human problem solving is
normally an exercisein studying input conditionsto predict a result basedupon
previousexperienceavith similar situations.SL algorithmstendto emulatethat sort
of human behavior.

Decision trees (DT) are a patrticularly useful tool in the context of machine



learning techniquesbecausehey perform classificationby a sequenceof simple,
easy-to-understand tests whose semantics is intuitively clear to domain experts. Some
techniqueslike C4.5,constructdecisiontreesselectingthe bestattributeby usinga
statisticaltestto determinehow well it alone classifiesthe training examples[9].
This classof DTs may be called axis-parallel,becausethe testsat eachnode are
equivalentto axis-parallelhyperplanesn the space Otherstechniquesuild oblique
decisiontrees (ODT), as OC1][7], that testsa linear combinationof the internal
attributesat eachnode, for that, thesetests are equivalentto hyperplanesat an
oblique orientation to the axes.

At this point, we mustremembethat,in a domainwith N trainingexampleseach

describedusing a k real-valuedattributes,there are at most 2k ﬁ:mdistinct k-

dimensional oblique splits; however, for axis-parallel splits, there are only
N x k distinct possibilities, fothatreasonjt could exhaustivelysearchthe bestsplit
at each node.

Anyway, to find out the smallestDT (axis-parallelor oblique) is a NP-hard
problem [2]. Both methods use hill-climbing, thattkse algorithmneverbacktracks;
therefore,it could be convergingto locally optimal solutionsthat are not globally
optimal.

Simpson[12] introducedthe ideaof using hyperboxego clusteror classify spatial
data. Each hyperboxis viewed as a fuzzy cluster,a fuzzy setin which all of the
elementswithin the hyperbox have membershipl1.0 for being in that set, and
elementsoutsidethe hyperboxcanhavea positive membershipgn the setdepending
on a fuzzy membershigule for that set. Simpsonuseda deterministicprocedureto
placeand appropriatelysize hyperboxedo describedata.Hyperboxeswere created
and sizedby consideringthe datain an orderedsequenceA hyperboxwas placed
aroundpreliminarydata.As subsequentlatawasadded eitherthe presenthyperbox
was grown to includethe new data,or a new hyperboxwas addedand the process
continued.This procedurevasof limited efficacy becausét requiredtrial-and-error
setting of operatorparametersand the final solution dependedon the order of
presentatiorof the data,evenwhenthe datapossessednly spatialan not sequential
characteristicsFogel and Simpsonusedevolutionaryprogrammingto optimize the
position of hyperboxesto clusterdatain light of a minimum descriptionlength
criterion (MDL). First, the experimentsvererestrictedto evolving hyperboxeghat
were alignedwith coordinateaxes;and afterwards they includedthe capability to
rotatethe hyperboxesAt this point, it is importantto notethat Fogel'smethodtry to
solve the clustering problem, that is, unsupervised learning.

Genetic algorithmg$GA) employa randomizedsearchmethodto seeda maximally
fit hypothesiq3, 4]. This searchis quite differentfrom otherlearningmethodsike
mentionedabove.The GA searchcanmovemuchmoreabruptly,replacinga parent
hypothesisy an offspring lesslikely to fall into the samekind of local minimathat
can happen with the other methods.

In previous works, weresented systemto classifydatabaseby usinghyperboxes
(axis-parallel).This systemuseda GA to searchthe bestsolutionsand produceda



hierarchical set ofules.The hierarchymeanghatan examplewill be classifyby the
i-rule if it doesnot satisfythe conditionsof the i-1 precedentules. The rules are
sequentiallyobtaineduntil the spaceis totally covered.The behavioris similar to a
queue for that reasonwe havecalleddecisionqueue(DQ) to the producedrule set.
This concept is basaxh thek-DL, the setof decisionlists with conjuntiveclauseof
size at most k at each decision [11]. A decision list is & lftpairswhereeachf; is

atermin C;, eachvy; is a valuein {0,1}, andthe last function f; is the constant
function true.

(fve)eo(F V) (1)

A decisionlist L definesa booleanfunction asfollows: for any assignmenkX,,
L(x) is definedto be equalto v; wherej is the leastindex suchthat fj(x)=1 (suchan
item always exists, since the last function is always true).

DQ is basedon DL. Really,DQ is a DL-generalizatiorbecauseét permitscodifying
functions f of continuous attributes and the valugsan belong to any set.
Futhermore DQ doesnot havethe last constantfunction true. However,we could
interpretthat last function as unknownfunction, thatis, we do not know to which
classthe examplebelongsto. Therefore,it may be advisableto say"unknownclass”
instead of taking an erroneous decision.

In the sensementionedabove,our systemhasa measuregcalled unknowledgeto
indicate how many test exampleshave not an associatedtlass.As the number of
rules or the allowed error rate (relaxing coefficient) can be given by the domain
expert,someunnecessargnistakescould be avoidedif therule setdoesnot assignto
thetestexamplea class.Incrementingthe relaxing coefficientthe unknowledgewill
be less,but the numberof misclassifiedexampleswill be higher. The expert,based
on experimentation, must determine such parameter.

Fig. 1. Rotated versus axis-parallel hyperboxes.

In this paper,we proposeto hold the primitive structureof our early works [1,10,
but changingthe shapeghat modelsthe searchspace.Thatis to say, currentwork
extends these previous efforts by including the capability to rotate the hyperboxes.
We showin figure 1 an example,in which rotatedhyperboxescan find out better
solutionsthan axis-parallelhyperboxeghey do. Decisionqueuepolicy is appliedin
order to reduce the number of rules.



With this DQ-method,there is no problem if the regions are overlapped.An
extreme case is presented in the next figure.

Fig. 2. Decision queues for overlapped regions.

In the otherhand,if we useaxis-paralleltechniquesthe numberof rulesis very
high. When doesit apply one techniqueor the other one?In principle, it is not
possibleto know it, butit could be a goodsolutionto explorethe searchspacewith
axis-parallel and, increasingly, to try to rotate the best solutions.
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Fig. 3. Axis-parallel solution to the figure 2.

The numberof rules,in figure 3, is very high. The numbersrepresentpartsof the
regions found out by using rotated hyperboxes, as shows figure 2.

2 Description

2.1 Environment

In order to apply GAs to a learning problem, we needto selectan internal
representatiorof the spaceto be searchedand define an external function that
assignditnessto candidatesolutions.Both componentsrecritical to the successful



applicationof the GAs to the problemof interest.Information of the environment
comesfrom a datafile, whereeachexamplehasa classanda numberof attributes.
The GA usesreal codification;thatis, anindividual is formedby an n-tuple of real.

If k is the dimension,an individual has exactly 3xk values: 2xk for the

boundariesof eachdimension; k —1 for the anglesof rotations,in radians,anti-

clockwisearoundthe hyperboxcentre;and1 for the class.The nextfigure showsa

n-tuple:

Fig. 4. Representation of an individual

wherel, andu, representhe lower and upperboundsof the individual, respectively,
for everydimension:@, is therotationangle;andclass.In 2-dimensionis possibleto
put an hyperboxat any orientationby usingonly one rotation;in k-dimensionit is
necessary k-1 rotations.

We considerthatan examplebelongsto the areadeterminedor anindividual if
it satisfiesits conditionpart. Thus, let an examplebe given by P=(p,, p,, ..., P, C)
thenit will beinto the definedregionby theindividual (or equivalently,a rule will
be coveredby therule) ind, =(,, u, I, u,, ..., 1, u,6,,0,,...,6,,, class) if rotatingthe
example P4, p,, ... , p) with theangles-6,,-6,,...,-6, , with relationto the centreof
the hyperboxdefinedby (1., u, I, u,, ..., I, u), thenthe resultP’ belongsto this

hyperbox.
Pl
P 0 0

Fig. 5. Rotation of R the anglé is equivalent to rotate P the angbearound the centre of R.
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For example,jn threedimensionghe example(py, p2, ps, ) Will be coveredby the
rule (1, Uy, I, Uy, I3, Us, By, 6,, class) if P’ satisfies

l,<p,su 0L <p,su, 0O, < p,<y, @)



where P’ is obtained as follows:

Let (myg, mp, mg) = ((I1+ uy)/2, (I,+ wy)/2, (Is+ us)/2) be the centreof the hyperbox
defined by the rule, then the coordinates of P’ are:

0 0 0592 - seﬂ)2 0 (3)
(P1. P2 Pg) =(Pp =M, Py =My, Pg ~ M) D) cody —serd; —gerd, cod, OD+ (my, My, m3)
serd;  cod,; % 0 0 1]

and it will be correctly classify if its class is equal to c.

2.2 Algorithm

The algorithm is a typical sequentialcovering GA [6]. It choosesthe best
individual of the evolutionaryprocesstransformingit into a rule, which is usedto
eliminatedatafrom the trainingfile [13]. In this way, thetrainingfile is reducedfor
the following iteration. A termination criterion could be reachedwhen more
examples to cover do not exist.

The methodof generatinghe initial populationconsistsof randomlyselectingfor
every individual of the populationan examplefrom the training file. After, it is
obtainedanintervalto which the examplebelongsaddingand subtractinga random
quantity from the values of the example. Moreover, the angles are randomly
generatedbetween zero and 1W2. Sometimes,the examplesvery near to the
boundariesare hard to cover during the evolutionary process.For solving it, the
search space is increased (actually, lower basiddcrease®%, andupperboundis
increasedb%). For examplein 1-dimension,let a and b be the lower and upper
boundsof the attribute;then, the rangeof the attributeis b-a; now, we randomly
choosean example(x; class)from the trainingfile; last, a possibleindividual of the
population could be:

(x, —range* k;, x, +range* k,,class) (4

where k and k are random values belonging to [0,1], and class is the same of that of
the example.

The evolution moduleincludeselitism: the bestindividual of every generationis
replicatedto the nextone. A setof childrenis obtainedfrom copiesof the parents,
randomly selecting it, but depending on their fitness values. The remairidenésl
through crossovers Afterwards, mutation is applied dependingon a probability.
Crossoversare specifically designed,choosinga value among one of the three
segmentformedinsidethe interval of the attributeby putting the two valuesof the
individual ascrosspoints. Thatis, for everyattribute,an individual hastwo values,
and then those valuesare partitioning the interval in three segmentsWe select
randomlya valueinside of a segmentlsorandomlychoosesThe nextfigure shows
the procedure:
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Fig. 6. Crossover operator.

One of the threetypes of crossoveroperatorcould be applied, dependingon a
probability. The first oneis more conservativeand secondand third onesare more
explorative.When the crossoveris appliedto any angle location, the first one is
always used.

Mutationis appliedin two differentways:if the locationcorrespondso a value of
the interval, thena quantity is subtractecor added,dependingon whetherit is the
lower or the upperbound,respectively(the distanceactuallyis the lower euclidean
distancebetweenany two examples);if the location corresponddo an angle,it is
randomly generated another one.

Furthermoreijt is advisableto explorethe spacewith the bestindividual, because
we cannotknow what anglesarethe best,and we cannoteitherknow if anangleis
going to be betterthan otheris. In this way, we are using hill-climbing technique,
what could find out best solutions; despite of inconveniegsai&ln the introduction.
The methodconsistsof exploring closerotatedregionswith the samecentre.The
anglesof the explorationbelongsto the interval [-176,176], with an incrementof
1730. Then, everybestrule exploresthe searchspacewith otherten regionsaround
the same centre for each attribute. However, in orderachbetterfitnessvalue,the
interval is also modified the same quantity as mutation used.

To improvethe bestindividual is a difficult task.If the fithessvalueis better,then
the new angle replacesto the old, and one value of one attribute is modified as
mentioned above. This method allows rotating an hyperbox using only one
dimension.To explore 10 new orientationsat the beginning(the first generations)
can produce the typical problems of the hill-climbing methods. For that, we
recommend to use few explorations at the start and increase it toward the final. Thus,
the last generations explore more than the first ones.

We next show an overview of the DQ-Classifier.

Wil e exists exanples in training file
Step 1. Initialize population

Step 2. Repeat numgenerations tines



Step 2.1. Evaluation
Step 2.2. Sel ect the best
Step 2.3. Replication
Step 2.4. Crossover and Mutation
Step 2.6. Inmprove the best
Step 3. Put the best one in Decision Queue
Step 4. Elimnate the covered ones by the best one

Fig. 7. Overview of DQ-Classifier.

A possiblecriterion to implementthe mutationoperatorconsistsof distinguishing
betweenmutationof valuesand mutationof angles,as two independenbperators.
Mutation of valuescould be a higher probability of applicationthan mutation of
angles,and also, to incorporateto the evaluationfunction the distancefrom the
individual (rule) to the closerexampleof the sameclass.Thus,we canpenaltythe
rotatedruleswith wrong angles;thatis, the newindividual is not going nearto the
closer example of the same class.

2.3 Fitness function

The evolutionaryalgorithmminimizesthe fithessfunctionf for eachindividual. It
is given by

if G(i)* RC<=CE(i) then CE(i)=0 ©)
T 1+CE(

whereT is the cardinalityof thetrainingfile, V is a newfactor called coveraggthe
rule coverages the side of a k-dimensionahypercubewhich volumeis equivalent
to the volume of the coveredk-dimensionalregionby the rule); CE(i) is the class
errors,which areproducedvhenthei examplebelongsto the regiondefinedby the
rule, but it does not the same claG§) is the numberof goalsof therule; RC is the
relaxingcoefficient.Everyrule canquickly expandgor finding moreexamplesdue
to V in the fitness function.

2.4 Relaxing coefficient

Databasesisesas training files have not areasclearly differentiated,for that, to



obtaina rule systemtotally coherentinvolvesa high numberof rules. We showin
previouspaper[1] a systemcapableof producinga rule setexemptfrom error rate;
howeversometimesit is interestingto reducethe numberof rulesfor havinga rule
set which may be usedlike a comprehensibldinguistic model. When databases
presenta distribution of examplesvery hardto classify,thenit is advisableto usea
relaxing coefficient[10]. Many times, we are moreinterestedin understandinghe
structureof the databaseshanin the error rate. In this way, it could be bettera
systemwith lesscardinality (despitesomeerrors)thantoo manyrules (with 0% of
error rate). Then, it may be interestingto introduce the relaxing coefficient for
understandinghe behaviorof databasesdy decreasingthe number of rules. RC
indicateswhat percentag®f examplesnsideof a rule canhavedifferentclassto the
rule. RC behavedike the upperboundof the error with respectto the training file,
that is, as an allowed error rate.

To dealefficiently with noiseandfind a goodvaluefor RC, the expertshouldhave
an estimate of the noise percentage in its data.

4 Application

4.1 Ex profeso databases

We havedesignedsomedatabasesf varying complexityto show graphicallythe
experiments. These databases are shown in the fig. 8. Results are in table 1.

Fig. 8. Ex profeso databases named DB1, DB2 and DB3.

4.2 Databases from UCI repository.

The experiments described in this section are from UCI Repo§ithbiWe usefive



crossvalidationin all our experimentgo estimateclassificationaccuracy.This cross
validation experimentconsistsof the following steps:randomlydivide the datainto

two disjoint partitions(70% an 30%); build a rule setusing70% of dataandtestthe
rule setwith 30% of data;for eachpartitionsthe numberof correctclassificationof

the rule set are all counted and divided it by the number of instancesteéttile to

computethe classificationaccuracythefive valuesare summedanddivided by five;

report one hundredminus this accuracymultiplies by 100 and the averageof the
number of rules. We have chosenC4.5 to comparethe results, also with five

experiments and cross validation which are shown in Table 2.

DATABASE C45 DQ-CLASSIFIER-RH
ERROR | NUMBER OF | ERROR NUMBER OF
RATE RULES RATE RULES

DB1(200,2,2) 12.9 17 3.3 3

DB2(200,2,2) 16.25 12.5 2.7 2

DB3(200,2,2) 12.13 11 6.6 3

Table 1. The results of artificial databases.

DATABASE C45 DQ-CLASSIFIER-RH
ERROR | NUMBER OF | ERROR NUMBER OF
RATE RULES RATE RULES

IRIS (150, 4, 3) 6.3 4.4 483 3.6

BREAST CANCER (683, 9,2) | 13.8 5.2 5.38 2.2

PIMA (768, 8, 2) 28.4 77.6 26.35 17.4

WINE (178, 13, 3) 7.2 5.0 10.1 6.4

Table2. Databases ( number of examples, dimension, number of classes)

It is very important to note that every execution has been realized pitbudation
of 50 individualsand 50 generationsVery low humbersconsideringthe numberof
examples and number of dimensions of the databases.

Decision queue is very relevant in relation to the number of rules.



5 Conclusions

A supervisedlearning tool to classify databaseswith rotated hyperboxesis
presentedn this paper.It producesa decisionqueuewhereconditionsof eachrule
indicate if an examplbelongsto a rotatedhyperbox.The numberof rulesis reduced
with regardto othersystemslike C4.5; and improvesthe flexibility to constructa
classifier varying the relaxing coefficient.
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